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I Introdution
I. 1 Curiosity and doubt
The knowledge of mankind has grown rapidly in the last entury. Espeially through
the fundamental researh in physis. It was and is driven by human uriosity, sine
typially the fundamental researh has no diret appliation in everyday or tehnial life.
Nevertheless, over the time these insights into natural laws have shown their protableness
in the tehnial revolutions.
So on the one hand, the growth of the knowledge of mankind has always been driven
by uriosity, sine uriosity is always the starting point for solutions to a problem
1
. On
the other hand, physial models and theories an never be right or true in a rigourous
sense, but only falsied. So beside our suess in desribing nature, we absolutely must
leave room for doubt or there is no progress and no learning. There is no learning without
having to pose a question. And a question requires doubt
2
. In order to learn about
nature, we have to be urious and ask new question, but we also must have the ourage
to doubt our new found answers.
But uriosity is not a feature of siene itself, it is an innateness of mankind. Most of the
questions asked by physiists may seem aademi and irrelevant to the sienti layman.
Maybe still ompliated, the questions that are tried to be answered by nulear phyiist,
by olliding atomi partiles at the speed of light, are those questions every human reets:
Where are we from and why are we here?
Where we are from is widely believed to be the so alled big bang, during whih time,
spae, matter and energy turned into existene. Why or what exatly happend at time
zero no one an tell beause at this singluarity in spaetime the law of physis broke down.
Asking about before also makes no sense, beause without time there is no before.
Why we are here is a more philosophial question whih an be understood in many
dierent ways. While the physiist wonders about the asymmetry between matter and
antimatter, whih is an essential fat for our existene, others would ask this question
more spirtiually. But the reation of the universe via a big bang would not ontradit
1 Galileo Galilei
2 Rihard P. Feynman, Galileo Symposium in Italy, 1964
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the existene of an omnipotent power that is responsible for life, the universe and every-
thing
1
...
I. 2 The fundamental building bloks
But let us go bak to a question we believe to have answered to a wide degree: What
are we made of? This question has a long history and mankind has had great suess in
nding the fundamental building bloks that make up the matter around us. Most all of
these ndings where mainly made in the last entury.
The theory of the greek lassial elements earth, water, air and re, that go bak to the
philosopher Empedokles, persisted to the sevententh entury until the new denition for
an element by the hemiist Robert Boyle marked the beginning of the modern hemistry.
The hemiists lassied many new elements, whih soon required a new ordering
shema. The periodi system of the elements was introdued whih sorts the elements
by their mass and attributes to groups of eight. The eletron, the rst subatomi partile,
was disovered in 1897 by Joseph John Thomson while its existene was predited by
George Johnstone Stoney 23 years before. Thomsons so-alled plumpudding-model of
the atom was replaed in 1911 by Ernest Rutherford after his famous sattering experi-
ment. With Rutherfords interpretation, where a positively harged ore is surrounded by
a loud of eletrons, it was then possible to explain the hemial properties in the peri-
odi system by the atomi eletron shells. In 1919 Rutherford disovered the proton, and
with the disovery of the neutron in 1932 by his student James Chadwik the desription
of the atomi nulei was omplete. On the one side, the atomi physis foused on the
eletron shells, Max Born postulated disrete orbits for the eletrons and with the advent
of quantum mehanis physiists were able to explain the atomi spetra.
On the other side the nulear physiists were studying the struture of the atomi ore.
Around the 50's more and more new partiles like the proton and neutron, alled hadrons,
were found. Soon there was suh an overwhelming rihness, that now the nulear physiists
needed a new ordering shema. Murray Gell-Mann proposed his eightfold-way, where
the hadrons ould be grouped to otets of similiar mass. This was the predeessor of
the quark model in whih the protrons, neutrons and all other hadrons are no elementary
partiles, but made up of quarks, where the mesons are quark-antiquark ombinations and
the baryons onsist of three quarks.
Today the standard model of partile physis lassies the fundamental partiles into
fermions as the partiles of matter and the bosons as the partiles mediating the intera-
tions. The standard model (SM) has been very suessful and marks a milestone in our
understanding of the elementary partiles and their interation. But it falls short of being
1 Douglas Adams, The Hithhiker's Guide to the Galaxy
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a omplete theory sine it laks the desription of gravity. Also the many free parameters
that have to be determined by experiment are a big shortoming of the model.
So there are many attempts to extend the SM (e.g. supersymmetry) or to disard it
in favor of a new theory (e.g. stringtheory). But up to now it is the best answer to the
question What we are made of.
I. 3 Bak to the Big Bang
When we go bak in time, we an see dierent fores responsible for the evolution. At
the beginning the universe was extremly hot and dense and all fundamental partiles were
unbound and free like in plasma. Due to the expansion the temperature was going down
and the quarks were pulled together by the strong fore and formed hadrons; this is alled
hadronization. Most of them are unstable, but protons and neutrons assembled to stable
lusters. During the ongoing ooling the eletrons were bound to these lusters by the
eletromagneti fore. The atomi elements and moleules began to develop. Finally, the
gravity pulled the neutral atoms together and so larger lusters of matter started to grow
forming the stars and planets making up our known universe.
The gravity and the eletromagneti fore are quite good understood, so one main topi
of urrent researh is the study of early universe, the regime of the strong fore. In fat,
this fore is so strong that it is not possible to separate two quarks. Therefore, no one has
ever seen (or measured) a quark. The hope is that if we ould heat up the hadrons to the
temperatures diretly after the big bang, we ould reate this plasma state of the quarks
where they are free. With the largest mahines in the world, physiists ollide nulei at
the speed of light to reate suh a hot and dense system resembling the universe a few
nanoseonds after the big bang to study the phase transition of the strongly interating
matter. The theoretial desription of these ollisions are very involved and due to the
omplex dynamis of the fundamental degrees of freedom, this is not yet understood from
rst priniples.
In this thesis, I will analyze a phenomenologial model alled reombination or oales-
ene whih is a relevant mehanism for hadronization in heavy ion ollisions (HIC) at the
highest energies that are available today. It is strutured as follows:
 In the next hapter I give a short introdution into the phenomenology HIC, explain
dierent models to desribe the ollisions and disuss how to probe the QGP.
 The third hapter adresses the hadronization from a QGP, fousing on the reombi-
nation approah and its ingredients.
 The results are presented in hapter four where I rst give an overview of the pa-
rameters and parameterizations, followed by a detailed disussion on the dierent
4 I Introdution
results and preditions of reombination.
 The last hapter ontains nal remarks and onlusions.
II Heavy Ion Collisions
II. 1 Phase diagram of the strong fore
The main goal of the urrent and past heavy ion programs is the searh for a new state of
matter alled the Quark-Gluon-Plasma (QGP) [Bas99℄. The quarks are the onstituents
of hadrons. They interat via their olor harge by the strong fore meditated by the
gluons. Due to the strong oupling quarks an not be observed as single partiles, only
as lusters, where the olor of all quarks add up to white. This so alled onnement
is expeted to break at suiently high temperatures and/or densities. The quarks and
gluons are then free unbound partiles like the eletrons and protons in a plasma. That
is why this state of matter is referred to as QGP and desribes a new phase dierent to
the normal ground state.
Figure II.1: The (assumed) phase dia-
gram of the strong fore (piture taken
from [CBM07℄).
The nulear matter in the aelerators
is highly ompressed and heated up during
the ollision. At suently high beam en-
ergies, we expet the system to go through
a phase transition from the hadroni phase
to the QGP. Due to the large pressure, the
systems expands rapdily, ools down and
rosses the phase boundary again. The
quarks hadronize and form new hadrons.
In this still very dense system, the hadrons
satter mostly inelasti and reate exited
hadroni states until the system is too di-
lute. At this so alled hemial freeze-out,
the inelasti ross setions are negletable.
After the kineti freeze-out, there are also
no more elasti interations between the
hadrons.
The livetime of the QGP is very short and only the hadrons oming from the kineti
freeze-out an be measured in the detetors. So there is no way to see if we have reated
a QGP or not. There are two dierent ways to examine the early phase of the ollision:
 We an study dierent probes that an esape the early system mostly undisturbed
and try to extrat information from these measures. That would be partiles with
a low ross-setion in the medium like photons, pair-reated leptons (dileptons) and
heavy-quark mesons (J/ψ).
6 II Heavy Ion Collisions
 The other possibility is to look for haraterisiti properties of the hadrons from
freeze-out, whih an be assoiated with a QGP formation, e.g. olletive ow
phenomena like the ellipti ow.
II. 2 Theoretial desriptions of heavy ion ollision
II. 2.1 Statistial thermal model
The thermal model is a statistial approah to partile multipliity in heavy ion ollisions.
One assumes a globally equilibriated thermal soure desribed by temperature T and
hemial potentials µQ for the harges Q. The thermodynamial observables are then
evaluated as an average over the statistial ensembles [BM03℄. Therefore, one has to
alulate the grand anonial partition funtion
ZGC(T,V,µQ) = Tr
[
e−β(H−
P
i µiQi)
]
, (II.1)
where the Hamiltonian H depends on the equation of state (EoS), whih onnets the
energy density with the pressure. The EoS depends on the degrees of freedom and so
hanges throughout the evolution of the system. The EoS of the QGP is subjet to
urrent researh and an only be determined within QCD. Below the phase boundary the
system an be desribed by a hadron resonane gas with a known EoS.
The appliability of the thermal model is very limited. The assumptions of global equi-
librium and a stati soure are at best questionable. The predited partile multipliity,
when using the EoS of the hadron gas, are in good agreement, but sine this does not
require the formation of a QGP, the prediitve powers are very limited.
II. 2.2 Quantumhromodynamis (QCD)
The only possibility to really alulate the shape and order of the phase transition would
be to solve the equations of motion for QCD, the gauge theory for the strongly interating
olored partiles. The approah from Quantumeletrodynamis (QED), where pertubation
theory is very suessful beause of the small oupling onstant α ≈ 1/137, is barely
appliable in QCD due to the large oupling of the strong fore and the non-abelian nature
of the orresponding symmetry group SU(3). The pertubative QCD (pQCD) works only
at large momentum transfers, where the running oupling onstant beomes small.
The other way is to disretize the langrangian and solve it numerially on a lattie
(LQCD). Sine this requires vast omputational powers, there is no hane of a dynamial
desription from LQCD. But it an give insights into the order of the phase transition, the
ritial energy density and the equation of state [Fod02, dF06, Ste06℄. These are needed
as input to hydro- and thermodynamial models.
Due to the lak of lattie data at high baryo-hemial potentials, I will later use the
simple phenomenologial MIT bag model to desribe the onnement and the phase tran-
sition.
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II. 2.2.1 Fragmentation (pQCD)
The hadron prodution at suiently large momentum transfer an be desribed by pQCD.
The quark-antiquark pairs reated in hard satterings are onneted by a olor string and
as they depart from eah other bak to bak, the potential energy between them rises until
the string breaks and reates a new quark-antiquark pair. This proess ontinues until
most of the kineti energy of the original parton is onverted. The hadrons, formed from
the reated quarks, arry a momentum fration of Pa and are all emitted in the diretion
of the original parton. This is alled a jet.
The probability that the jet of parton q emits a hadron h with a momentum fration
z is alled fragmentation funtion Dq→h(z) and an be measured in e
+e− annihilations.
The invariant ross setion for a hadron h with momentum P an then alulated with
E
dσh
d3 P
=
∑
a
∫ 1
0
d z
z2
Dq→h(z)
dσq
d3 Pq
(II.2)
For proton-proton ollisions the situation is omparable to the e+e− annihilations, but in
heavy ion ollisions (A-A ollision) with a large reball volume, the jets lose energy as
they travel through the medium and will be modied. This modiation is prominently
observed in the so-alled away-side jet supression: When two partons are reated near the
edge of the reball, one jet an be emitted diretly into vauum while the other one has
to travel through the whole dense medium and will therefore be suppressed.
But for a dense medium, the desription in terms of a jet from a single quark is ques-
tionable and one has to aount for multiple parton fragmentation (higher twist). In the
extreme ase of a very dense phase spae with abundant quarks, they might simply re-
ombine. That means e.g. if a u and d¯ quark are near in phase spae, they are onned to
form a pi+. This reombination mehanism plays an important role in the mid-pT range
while it is dominated by fragmentation at high-pT . I will diuss the reombination (also
alled oalesene) approah in the next hapter.
II. 2.2.2 MIT bag model
In the MIT bag model [Cho74, Cho75, Myh84, The80℄ the quarks and gluons are onned
in volume with radius R equal to the radius of a nulei. Outside of this volume, the virtuell
quark-antiquark-pairs exert a pressure B on this bag, whih prevents the partons inside
to esape. They an be desribed by thermodynamis as ideal gas.
The pressure of this gas depends on the temperature and the density whih is expressed
by the hemial potential µB . If this pressure beomes greater than the bag pressure, the
partons inside an esape their onnement.
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So the phase boundary
1
within the bag model is at
T =
√√√√ 1
C
[
−(1
3
µB)2gq +
√
(
1
3
µB)4gq
(
gq − C
pi2
)
+ T 4CC
2
]
(II.3)
with C =
pi2
15
(7gq + 4gg) and the ritial temperature TC = 175 MeV at zero hemial
potential.
II. 2.3 Transport theory
The transport model [Bas98, Ble99℄ is a mirosopi approah whih models the trajetory
of every single partile. The evolution of the system is alulated with the Boltzmann
equation
pµ∂µf(x,p) =
∂f
∂t
= S
oll
(II.4)
where the ollision term depends on the ross-setions and determines the time-dependene
of the distribution funtion. Sine only two-body ollisions are onsidered in the gain and
loss terms, one has to assume a dilute gas of partile with large mean free path so that
three- or more-body ollisions are negletable. But the advantage is that sine it is a
mirosopi theory, it an desribe non-equilibrium systems.
II. 2.4 Hydrodynamis
The omplement to transport theory is hydrodynamis, where one assumes a loal equi-
librium within a dense system, e.g. a very small mean free path of the partiles like in
a uid. It is a very ommon model in HIC [Kol03, Kol00℄, espeially, sine the matter
reated at the Relativisti Heavy Ion Collider (RHIC) seems to behave like a perfet uid
(minimal visosity) [Rom07, Tan06℄.
With the equilibrium assumption, we an set the ollision term in eq. (II.4) to zero,
and with the baryon number urrent Nµ and the energy-momentum tensor T µν , the basi
formulas read
∂µN
µ =0, (II.5)
∂µT
µν =0. (II.6)
State-of-the-art alulations are 3-dimensional with three distint uid, e.g. two for the
olliding nulei and a third for the evolving ollision zone. For simpler systems the equa-
tions an be solved analytially whih has been done by Bjorken [Bjo83℄ and Landau
[Lan53℄.
1 The derivations of this formula an be found in the appendix A. 1.
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The hydro results depend on the needed input, namely the initial onditions (Glauber
model or CGC), the equation of state (LQCD) and the freeze-out presription.
II. 2.4.1 Collision geometry
The interpretation of the time evolution of the system in the transverse plane is motivated
by hydrodynamial ideas. The high ompression of the nulear matter generates a high
pressure in the reball. The dierene of the inner medium and the surrounding vaum
results in a pressure gradient. This leads to an expansion in the transverse diretion. The
initial transverse area, determined by the overlap zone of the nulei, inreases rapidly until
the freeze-out. So the spetrum of the partiles an be desribed by the emission from
a boosted thermal soure, where the transverse veloity of the partiles omes from the
thermal motion with a superimposed transverse boost.
Based on these ideas, the partile spetra are tted by the so-alled blast-wave model
that desribes a thermal soure with a transverse and a longitudinal boost. Beause the
longitudinal rapidity is generally taken to be equal to the spae-time rapidity by invoking
Bjorkens longitudinal boost invariane, the model is haraterized by three parameters
namely temperature T , baryo-hemial potential µB and transverse expansion rapidity
ηT .
For ollisions with non-zero impat parameter the radial size and therefore the pressure
gradient varies with the azimuthal angle ϕ. It is dened with respet to the plane in whih
the nulei ollide. The diretion with ϕ = 0 or ϕ = pi is alled in-plane and perpendiular
to that out-of-plane (Fig. II.2(a)). The protons and neutrons in the ollision area that
will take part in the sattering are alled partiipants, while the other nuleons, whih
just pass by, are alled spetators.
The radial size in-plane is smaller than out-of-plane whih leads to a larger in-plane
pressure gradient. The spatial azimuthal asymmetry therefore generates a momentum
asymmetry that is perpendiular to the spatial one (Fig. II.2(b)).
During the expansion, the inreasing momentum asymmetry weakens the spatial asym-
metry and so destroys its own origin; it is self-quenhing. So the spatial eentriity at
freeze-out will dier from the initial one (Fig. II.2()). Depending on the hydrodynamial
evolution and the freeze-out time it an be smaller, zero or even negative. A negative
freeze-out eentriity would mean a hange of diretion from an elongation out-of-plane
to in-plane.
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(a)
(b) ()
Figure II.2: Collision geometry in the transverse plane. a) Impatparameter. b) The spa-
tial asymmetry is onverted into a perpendiular momentum asymmetry due to the dier-
ent pressure gradients. ) The initial spatial asymmetry weakens during the expansion, so
the eentriity at freeze-out is smaller than the initial one.
III Hadronization from a QGP
In the previous hapter, I shortly disussed dierent theories for the desription of heavy
ion ollisions and the phase diagram of the strong fore. Currently, the ollision dynamis
are studied extensively within mirosopial transport theory and hydrodynamis while
the loation and nature of the phase transition is subjet to researh in lattie QCD.
The main question of my thesis is, assuming we have rossed the phase border in a HIC
and reated a QGP, how do the quarks form hadrons again when the plasma ools down.
Therefore I will analyze an analyti model for the olinear reombination approah [Fri03℄.
Beside studying probes from the early phase of the ollision, this oers the possibility to
study the inuene of a QGP reation on dierent observables at the freeze-out.
This hapter has the following struture:
 The rst setion ontains the reombination formalism,
 the seond one addresses the form of the hypersurfae where the phase transition
and freeze-out take plae,
 the third one introdues the blast-wave model whih models the quark densities
depending on the ollision geometry and
 the fourth setion will ontain the formulas for the observables from the reombina-
tion approah with the quark density and freeze-out hypersurfae as diussed.
III. 1 Colinear reombination of quarks
III. 1.1 Introdution
The results from the Relativisiti Heavy Ion Collider (RHIC) are a onrmative sign
for a very dense phase spae so that reombination seems to play a major role in the
hadronization proess. While the strong nulear suppression (ratio of A-A to p-p ollisions)
of pions is widely seen as the experimental onrmation of jet quenhing predited by
pQCD, there are several key observations that annot be explained by fragmentation.
These are the very dierent results for mesons and baryons namely
 the nulear suppression fator,
 the ellipti ow and
 the large baryon / meson ratios.
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For ollisions with a higher enter-of-mass energy, the inuene of reombination an be
expeted to be even higher. The preditions for the Large Hadron Collider (LHC) are
therefore of great relevane.
I will now disuss the impliations of an analytial oalesene formalism that on-
strains the reombining quarks to have olinear momenta. For a detailed disussions of
the derivations I refer to [Fri03℄. While the onset of fragmentation sets the upper PT
bound of appliability, the olinearity onstraint leads to an energy violation at low PT .
Therefore, the results for the transverse momentum spetra of this reombination model
will be valid only for PT & 1 GeV. But the most prominent and promising observable of
reombination, namely the ellipti ow v2, an be expeted to give valid results down to
several hundred MeV [Fri03℄, sine the azimuthal angle dependene in these ow oe-
ients is only expressed relatively to the absolute yield. And also the very good desription
of the data (see se. IV. 4.4) justies the use down to low pT . So suh an analytial model
an still serve as a good guidane in studying the general features and point the way for
dynamial studies.
III. 1.2 Non-relativisti model
Let us start with a volume V with a homogen distribution wa(p) of various quarks a
whih will therefore only depend on the momentum. We assume that only onstituent
quarks with olinear momentum pa will reombine to form a hadron with momentum
ph =
∑
a pa. This simple piture then leads us to a rst non-relativisti equation for the
hadron multipliity whih is the momentum integral over the produt of the quark densities
times the probability for these quarks to form a hadron (namely the wavefuntions overlap
squared). For simpliity, I will stik to mesons (quark-antiquark pairs) and will give the
generalization to baryons later. The spatial wavefuntions for the quarks and the meson
M are:
〈x|q1,p1; q2, p2〉 = V −1ei(p1x1+p2x2) (III.1)
〈x|M,PM 〉 = V −1/2ei(
x1+x2
2
·PM )φM (x1 − x2) (III.2)
Dening the enter of mass and relative oordinates resp. momentum as R = (x1 + x2)/2
and y = x1 − x2 resp. P = (p1 + p2)/2 and q = p1 − p2, the overlap is
〈q1,p1; q2, p2 |M,PM 〉
=V −3/2
∫
d3 x1 d
3 x2exp [i (PM ·R− p1x1 − p2x2)]φM (y)
=V −3/2
∫
d3R d3 yexp [i ((PM − P )R− qy)]φM (y)
=(2pi)3V −3/2δ3 (PM − P )φM (q) (III.3)
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φM (q) is then the fourier transform in the relative momentum. Due to the absolute value
squared, the deltafuntion has to be rewritten as
δ3(PM − P ) = 1
(2pi)3
∫
d3 xexp [i (PM − P )x] = V
(2pi)3
(III.4)
Using this in the proposed formula for the hadron multipliity
NM = CMV
3
∫
d3 P
(2pi)3
d3 p1
(2pi)3
d3 p2
(2pi)3
wq1(p1)wq2(p2) |〈q1,p1; q2, p2 |M,P 〉|2 (III.5)
with a spin degeneray fator CM (mesons) or CB (baryons) respetively, one nds the
momentum distribution
dNM
d3 P
= CM
V
(2pi)3
∫
d3 q
(2pi)3
wq1(
P
2
+ q)wq2(
P
2
− q) |φM (q)|2 (III.6)
Assuming an exponential parton distribution wa(p) = γaexp
[
− p
T
]
, the q-dependene will
drop from the density produt. Due to the normalization of the wavefuntion, the integral
vanishes and one is left with
dNM
d3 P
= CM
V
(2pi)3
γaγbexp
[
−P
T
]
(III.7)
The spetrum does not depend on the form of the wavefuntion, it is just exponential.
The only dependene on the spei hadron is in the degeneray fator and the quark
fugaities γ.
Even in this simple approah one an explain the large baryon/meson ratio at RHIC,
whih pQCD fails to predit. It simple omes down to the degeneraies
dNB
dNM
≈ CB
CM
(III.8)
whih then results a proton-to-pion ratio of about 2, in ontrast to about 0.2 from pQCD
fragmentation.
III. 1.3 Relativisti
To make the approah more general and onsistent, one starts from a density matrix ρab
for the quarks a and b. The number of mesons is then given by
NM =
∑
a.b
∫
d3 P
(2pi)3
〈M,P |ρab|M,P 〉 (III.9)
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Inserting omplete sets of oordinates
NM =
∑
a,b
∫
d3 P
(2pi)3
d3 rˆ1 d
3 rˆ2 d
3 rˆ′1 d
3 rˆ′2〈M ;P |rˆ1,rˆ2〉〈rˆ1,rˆ2|ρab|rˆ′1,rˆ′2〉〈rˆ′1,rˆ′2 |M,P 〉 (III.10)
and using the denition of the wigner funtion
〈rˆ1,rˆ2|ρab|rˆ′1,rˆ′2〉 =
∫
d3 p1
(2pi)3
d3 p2
(2pi)3
exp
[−i (p1r′1 + p2r′2)]Wab(r1,r2; p1,p2). (III.11)
With the enter of mass (.m.) oordinate r1,2 =
(
rˆ1,2 + rˆ
′
1,2
)
/2 and the relative oordi-
nate r′1,2 = rˆ1,2− rˆ′1,2 of the orrelation oordinates, one an dene the relevant quantities
for the hadron. By assuming small spatial variations in the wigner funtion, after some
steps one arrives at
E
dNM
d3 P
=CM
∫
Σ
d3RPµu
µ(R)
(2pi)3
∫
d3 q
(2pi)3
× wa(R;P/2 − q)ΦM (q)wb(R;P/2 + q) (III.12)
with the relative momentum q between the quarks, the spatially integrated wigner funtion
of the meson ΦM (q) and the future orientated unit vetor u
µ(R) on the freeze-out hyper-
surfae Σ. When going to loal light one (LLC) oordinates, one an restrit the quark
momentum to olinearity by writing it as a fration xa =
pa
PH
of the hadron momentum.
By introduing the ansatz for the light one wavefuntion
Φ(q)
LLC→ ψ(x) = N
∏
a
xa =


x for quarks√
30x1x2 for mesons
12
√
35x1x2x3 for baryons
, (III.13)
the formula for the invariant yield beomes
E
dN
d3 P
=C
∫
Σ
Pµ dσ
µ(R)
(2pi)3
∫
D xˆ |φ(xˆ)|2 ×
∏
a
wa(R;xaP ) (III.14)
with xˆ = (x1, x2, .., xnq ), the number of onstituent quarks nq and
∫
D xˆ =
∫ 1
0
δ
(
1−
∑
a
xa
) ∏
a
dxa (III.15)
In the ase of quarks this is simplied to
E
dNq
d3 p
=g
∫
Σ
pµ dσ
µ(R)
(2pi)3
w(R; p) (III.16)
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As already shown in the previous setion, the reombination formalism alone is apable
of explaining the large baryon/meson ratio, but the results will generally depend strongly
on the parameterizations of freeze-out hypersurfae Σ and the used quark density wa(R; p).
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III. 2 Freeze-out
Now I will model the freeze-out hypersurfae. The spatial four-vetor
xν = (t,x,y,z) (III.17)
will be translated into the new oordinates
x′ν = (τ,ρ,ϕ,η) (III.18)
with the transverse radial variable ρ, its angle ϕ, the time τ =
√
t2 − z2 and the spae-time
rapidity
η =
1
2
ln
t− z
t+ z
. (III.19)
For the study of ollisions with a nonzero impat parameter, I will diretly generalize to
an ellipsoidal ylinder. The ellipti transverse freeze-out area
r =
√
x2
R2x
+
y2
R2y
(III.20)
has the numerial eentriity
ε
numerial
:=
√
R2y −R2x
Ry
≡ ef (III.21)
if Ry > Rx. To avoid ambiguities with other eentriity denitions, the numerial e-
entriity of an ellipse with the above denition will be alled e while the f denotes the
freeze-out value.
So the surfae radius depends on the angle ϕ, whih is measured with respet to the
x-axis:
r(ϕ) = ρf(ϕ) with (III.22)
f(ϕ) =
N√
1− e2f sin2(ϕ)
=
Nα−1√
α2 sin2(ϕ) + α−2 cos2(ϕ)
(III.23)
=
Nα−1√
(α−2 + α2) + cos(2ϕ)(α−2 − α2) (III.24)
with α = 4
√
1− e2f (III.25)
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The radial oordinate ρ is onstant for a given ellipsoid surfae. The length of the short
axis x (in-plane) and respetively the long axis y (out-of-plane) are
Rx = r(0) = Nρ (III.26)
Ry = r(pi/2) =
Nρ√
1− e2f
=
Nρ
α2
(III.27)
The onstant N is hosen suh that the transverse area AfT is independent of the een-
triity and only depends on the parameter ρ. From
AfT = piRxRy = N
2piρ
2
α2
(III.28)
if follows
N = α, (III.29)
Rx = αρ and Ry =
ρ
α
(III.30)
Looking at eq. (III.23), one diretly sees that the axes are hanged under the transforma-
tion a→ a−1 and the ellipsoid is ipped by 90◦. This will be used in the next paragraph.
III. 2.1 Integration measure
To obtain a 3-dimensional freeze-out hypersurfae, one needs to apply a onstraint to the
four-vetor xν or respetively x
′
ν . This is done by onstraining the freeze-out time τ to be
a funtion of the other three variables, so generally τ = τ(ρ,ϕ,η).
The simplest hoie would be to use a onstant freeze-out time with τ = τ0, but to be
a bit more general and to onnet the transverse with the longitudinal dynamis, I will
perfom the derivations with an expliit ρ dependene only.
Aording to the Cooper-Frye presription [Coo74℄ the integration measure is given by
pν dσ
′ν
(III.31)
where dσ′ν is the normalvetor on the hypersurfae in the new oordinates whih is al-
ulated by a generalized ross-produt of the tangent vetors. Therefore, I will alulate
the Jaobian
Jµi =
∂xµ
∂x′i
(III.32)
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With the dependenies
t = τ(ρ) cosh(η), (III.33a)
x = ρf(ϕ) cos(ϕ), (III.33b)
y = ρf(ϕ) sin(ϕ) and (III.33)
z = τ(ρ) sinh(η) (III.33d)
the tangent vetors read
ρµ :=Jµ1 =
(
∂τ
∂ρ
cosh η, f cosϕ, f sinϕ,
∂τ
∂ρ
sinh η
)
(III.34a)
ϕµ :=Jµ2 =
(
0, ρ(−f sinϕ+ f ′ cosϕ), ρ(f cosϕ+ f ′ sinϕ),0) (III.34b)
ηµ :=Jµ3 = (τ sinh η, 0, 0, τ cosh η) (III.34)
where
f ′ = ∂ϕf = f
3(ϕ)
α−2 − α2
2
sin(2ϕ). (III.35)
With the fully anti-symmetri rank-4 tensor ενµλσ , the innitesimal normalvetor on
the hypersurfae is alulated as
dσ′ν = ενµλσ ρ
µ d ρ ϕλ dϕ ησ d η
= τρ
(
f2 cosh η, ∂rτ
(
f cosϕ+ f ′ sinϕ
)
, ∂rτ
(
f sinϕ− f ′ cosϕ) , f2 sinh η) d ρdϕd η
(III.36)
Similiar to eq. (III.33), the partile momentum is parameterized as
pν = (mT cosh y, pT cos(φ), pT sin(φ),mT sinh y) (III.37)
whih then leads to the integration measure
pν dσ
′ν =d ρdϕd ητ(ρ)ρ[
f2(ϕ)mT cosh(y − η)− ∂τ
∂ρ
pT
(
f cos(ϕ− φ) + f ′ sin(ϕ− φ))] . (III.38)
If I had assumed a onstant τ independent of ρ, the seond term would vanish and the
integration measure would simplify to
pν dσ
′ν = d ρdϕd ητ0ρf
2(ϕ)mT cosh(y − η), (III.39)
By additionally setting ef = 0, one reovers the measure τ0ρd ρ dϕd η mT cosh(y − η)
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Figure III.1: The two extreme ases for the expansion of reball. Left: The system ex-
pands perpendiular to the surfae. Right: The system expands radially outwards.
for a ylindrial freeze-out, sine
ef = 0 ⇒ α = 1 ⇒ f(ϕ) = 1 ⇒ r(ϕ) = ρ = Rx = Ry (III.40)
III. 2.2 Surfae ow
For an ellipsoid the radial diretion ϕ is generally not perpendiular to the surfae. It is
related to the orthogonal diretion β by
tan β =
(
1− e2f
)
tanϕ = α4 tanϕ. (III.41)
So for an elliptial freeze-out area I onsider the two extreme ases:
 Model 1: the system expands perpendiular to the surfae
 Model 2: the system expands radially outwards independent of the surfae orienta-
tion
Fig. III.1 depits the possibilities. When I drop the ρ dependene of τ (eq. (III.39)) both
models an be related via the integration measure [Tom05℄ as an be shown by rewritting
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the x and y oordinate in eq. (III.33) using the angle β:
x′′ =ρf(ϕ) cosϕ
=ρ
cosϕ√
α2 sin2(ϕ) + α−2 cos2(ϕ)
=ρ
sign (cosϕ)√
α2 tan2(ϕ) + α−2
=ρ
sign (cos β)√
α−6 tan2(β) + α−2
=ρ
α2 cosβ√
α−2 sin2(β) + α2 cos2(β)
=ρ (fα→α−1(β))α
2 cosβ (III.42)
and similar
y′′ =ρf(ϕ) sinϕ
=ρ [fα→α−1(β)]α
−2 sin β (III.43)
The integration measure beomes
pν dσ
′′ν = d ρd β d ητ0ρ
[
f2α→α−1(β)
]
mT cosh(y − η), (III.44)
whih is similiar to the one from eq. (III.39). When renaming β → ϕ, the only dierene
is the transformed α. As already explained above, this transformation is a rotation of the
ellipse by 90◦. So the integration over an ellipse elongated out-of-plane with the system
expanding perpendiular to the surfae is equal to the integration of an in-plane ellipse
with a radial expansion. But this exat orrespondene is only true if ∂ρτ = 0. The
onsequenes of this relation are disussed in setion IV. 2.3.1.
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III. 3 Blast Wave Model
For the parameterisation of the partoni density I take inspiration by hydrodynamial
ideas [Sh93, Flo04℄ and therefore assume a loally thermalised reball. With the four-
momentum pν of the quark a and the ow four-veloity of the system uν , the thermal
density for fermions with the degeneray fator C reads
wa(R) = C
1
exp [(pνuν − µ) /T ]− 1
= exp [− (pνuν − µ) /T ] 1
1− exp [− (pνuν − µ) /T ]
=
∞∑
k=1
(−1)k+1exp [−k (pνuν − µ) /T ] (III.45)
To simplify the derivations, I only use the lowest-order term whih is just Maxwell-
Boltzmann statisti. This is suient, sine the higher order terms are negletable as
I have veried.
III. 3.1 Azimuthal momentum asymmetry
In hydrodynamis the transverse ow is generated by a pressure gradient
δp(ρ,ϕ) =
∆p
∆r
=
∆p(ρ)
f(ϕ)∆ρ
, (III.46)
whih will depend on the angle for non-entral ollisions. The spatial asymmetry (g. II.2(b))
has the initial numerial eentriity
ei(b) =
√
h(b)2 − w(b)2
h(b)
with (III.47)
w(b) = RA − b
2
and (III.48)
h(b) =
√
R2A −
(
b
2
)2
(III.49)
of an ellipse with the long axis h(b) (y-diretion) and the short axis w(b) (x-diretion) whih
desribes the ollision in the transvese plane and only depends on the impat parameter
b. So in the x-diretion there is a stronger pressure gradient as in the y-diretion. This
yields a larger expansion veloity of the system and this momentum asymmetry will be
perpendiular to the spatial asymmetry. This expansion leads to a derease in the spatial
asymmetry and therefore a deelerated growth of the momentum asymmetry whih is
alled a "self-quenhed" behaviour, sine the momentum asymmetry destroys its own
origin.
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Figure III.2: Comparison of the impat parameter dependent eentriity ε from Glauber
model and CGC [Hir06℄ alulations to an eentriity from onstant density (eq. III.52)
The size of the initial transverse area AiT is determined by the impat parameter:
AiT = piw(b)h(b) =
piw(b)2√
1− e2i
=
pi (RA − b/2)2
α2
(III.50)
It is not a piori lear how the spatial eentriity will evolve until the freeze-out, but
it generally depends on the initial spatial eentriity, so ef = ef (ei). Depending on the
dynamis, the system ould
 freeze-out early and leave a remaining spatial freeze-out eentriity ef < ei, where
it is still elongated out-of-plane,
 freeze-out so that the initial spatial eentriity has been ompensated by the ex-
pansion and it is now irular with ef = 0
 or freeze-out late so that the initial spatial eentriity is overompensated and
reversed so it is elongated in-plane.
The seond point is just a speial ase of rst one. So one has to distinguish between the
elongation of the spatial area at freeze-out. In setion IV. 2.3.3 I will give evidene for the
rst option and also relate ei to ef to study the eets of a non-irular freeze-out area.
III. 3.2 Comparing asymmetry parameters
I would like to state again that the used eentriity e is the numerial eentriity of
an ellipse while the eentriity denition generally used in the heavy-ion ommunity is
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[Ja00℄
ε =
〈
y2
〉− 〈x2〉
〈y2〉+ 〈x2〉 (III.51)
where the average is over the transverse plane weigthed by the nuleon density. For a
simple onstant density this is simplied to
ε
onst
=
R2y −R2x
R2y +R
2
x
=
b
2RA
. (III.52)
The denition of this (lets all it "geometri") eentriity ε diers from the denition
of the numerial eentriity e. To ompare one with the other, the above equation is
written in terms of the numerial eentriity.
b
2RA
≡ e
2
2− e2 (III.53)
Realisti alulations of the eentriity are the ones from the glauber model [Gla70℄
whih diers from the simple approximation b/(2RA), beause it aounts for the thikness
of the nulei. Espeially for very peripheral ollisions, where only the sparsely populated
parts of the nulei ollide, the glauber eentriity is muh smaller. Figure III.2 shows a
omparison for dierent onditions [Hir06℄, inluding the Color Glas Condensate (CGC)
results. The value of b/(2RA) is generally to large but ε
onst
/2 = b/(4RA) is in good
agreement with the glauber model. Therefore, I dene the eentriity by the relation
ε :=
1
2
e2
2− e2 ≡
b
4RA
with the inverted relation (III.54)
e2 =
4ε
2ε+ 1
(III.55)
The relevane of this redened eentriity beomes visible in the following paragraph.
III. 3.2.1 Expansion veloity
Sine the transverse ow is generated by a pressure gradient and I will not model the
pressure prole, I take the ansatz from eq. (III.46) and assume ηT ∼ η
0
T
f(ϕ)
with the mean
transverse ow rapidity η0T as a free parameter. To have a muh more handy expression,
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I rewrite the denominator and expand it to fourth order in ε:
1
f(ϕ)
=
√
1− e2i sin2(ϕ)
α
=
√
1− 4ε
2ε+ 1
0.5 (1− cos(2ϕ))
4
√
1− 4ε
2ε+ 1
≈ 1 +
(
ε+
11
8
ε3
)
cos(2ϕ) +
(
1
4
ε2 +
9
16
ε4
)
cos(4ϕ) +
(
1
8
ε3
)
cos(6ϕ)
=: 1 + η˜T (ϕ) (III.56)
So the ellipti asymmetry cos(2ϕ) sales mainly linear with the dened eentriity
ε =
ε
onst
2
, (III.57)
whih is omparable to the glauber eentriity from entral to mid-entral ollisions as
an be seen in Figure III.2. This leads to a diret linear relation between the ellipti ow
and the eentriity whih is also expet from hydrodynamis (see setion IV. 4.2) and
therefore justies the hoie in eq. III.54.
Together with a radial prol in ρ, the expression reads
ηT (ϕ,ρ) = η
0
TNd
(
ρ
ρ0
)dρ
(1 + η˜T (ϕ)) (III.58)
The normalization Nd is hosen to be
dρ + 2
2
so that
〈ηT 〉 =
∫
d ρ ρηT∫
d ρ ρ
!
= η0T (III.59)
Now the four veloity uν of the expanding reball is reated with a longitudinal boost
ηL and a transversal boost ηT . Taking Bjorkens boost-invariane argument, I set the
longitudinal rapidity equal to the spae-time rapidity, i.e. ηL ≡ η:
uν =
(
cosh ηL cosh ηT , sinh ηT cos β
′, sinh ηT sinβ
′, sinh ηL cosh ηT
)
(III.60)
The angle β′ depends on the model hosen for the surfae expansion from setion III. 2.2
with β′ = β(ϕ) for model 1 (perpendiular expansion) and β′ = ϕ for model 2 (radial
expansion).
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III. 4 Observables from reombination
III. 4.1 Invariant yield
Now I ombine the reombination formalism with the disussed freeze-out hypersurfae
(se. III. 2) and the quark density from the blast-wave model (se. III. 3). With eq. (III.16)
the invariant yield for the quarks read
E
dNq
d3 p
=
dNq
pT d pT dφd y
= g
∫
pν dσ
′ν
(2pi)3
w(R; p)
=
g
(2pi)3
∫ ρ0
0
d ρ
∫ 2pi
0
dϕ
∫ +∞
−∞
d ητ(ρ)ρ
×
[
f2(ϕ)mT cosh(y − η)− ∂τ
∂ρ
pT
(
f cos(β′ − φ) + f ′ sin(β′ − φ))]
× exp [− (pνuν − µ) /T ] (III.61)
where the exponent expands to
pνu
ν = mT cosh(y − η) cosh ηT − pT cos(β′ − φ) sinh ηT (III.62)
To study the dependene on the partiles momentum angle φ, one uses the fourier expan-
sion
dN
pT d pT dφd y
= v˜0 + 2
∞∑
n=1
cos(nφ)v˜n + sin(nφ)u˜n
=
dN
2pipT d pT d y
(
1 + 2
∞∑
n=1
vn cos(nφ) + un sin(nφ)
)
(III.63)
with
v˜n =
1
2pi
∫
dφ cos(nφ)
dN
pT d pT dφd y
, (III.64)
u˜n =
1
2pi
∫
dφ sin(nφ)
dN
pT d pT dφd y
(III.65)
The φ-integrated yield v˜0 =
dN
2piPT dPT d y
desribes the overall transverse momentum
dependene, while the other fourier oeients v˜n and u˜n enode the deviations from an
azimuthal symmetri yield. To have a better omparison, the normalized fourier oe-
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ients vn and un, also alled ow oeients, are introdued:
vn :=
v˜n
v˜0
≡ 〈cos(nφ)〉 and (III.66)
un :=
u˜n
u˜0
≡ 〈sin(nφ)〉 (III.67)
The full expression reads
1
v˜n =gexp [µ/T ]
4piρ20
(2pi)3
∫ 2pi
0
dϕ
∫ 1
0
d ρ′τ(ρ′)ρ′
×
[
K1Inf
2(ϕ)mT cos(nβ
′)
−K0 In−1 + In+1
2
f(ϕ)pT∂ρτ cos(nβ
′)
−K0 In−1 − In+1
2
f3(ϕ)pT ∂ρτ
α−2 − α2
2
cos((n − 2)β′)− cos((n + 2)β′)
2
]
(III.68)
For the oeients u˜n, one has to replae the osine terms with sinus. From that the
φ-integrated yield follows as
dN
2piPT dPT d y
=v˜0
=gexp [µ/T ]
4piρ20
(2pi)3
∫ 2pi
0
dϕ
∫ 1
0
d ρ′τ(ρ′)ρ′
×
[
K1I0f
2(ϕ)mT −K0I1f(ϕ)pT∂ρτ
]
(III.69)
The arguments for the modied bessel funtionsKm = Km (k(ρ,ϕ,pT )) and Im = Im (i(ρ,ϕ,pT ))
are
[k]quark (ρ,ϕ,pT ) =
mT cosh ηT (ϕ,ρ,pT )
T
and respetively (III.70a)
[i]quark (ρ,ϕ,pT ) =
pT sinh ηT (ϕ,ρ,pT )
T
(III.70b)
Due to the symmetry of the system, most oeients vanish. The only ϕ dependene is
in the funtion f(ϕ) whih only ontains terms proportional to cos(2nϕ), as an be seen
1 How to solve the integrals an be found in the appendix A. 2.
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in eq. (III.56). Therefore, the expetation values 〈sin(nφ)〉 and 〈cos ((2n+ 1)φ)〉 vanish:
u˜n = 0 = un (III.71)
v˜2n+1 = 0 = u2n+1 (III.72)
This results in the symmetries
dN
pT d pT dφd y
(φ) =
dN
pT d pT dφd y
(−φ) and (III.73)
dN
pT d pT dφd y
(φ) =
dN
pT d pT dφd y
(pi − φ) (III.74)
For the hadrons the integration over the produt of the quark densities involves an
additional integral over the momentum frations xˆ = (x1,..,xnq ) times the wavefuntion
|ψ(xˆ)|2 (eq. (III.14)):
dN
PT dPT dφd y
= C
∫
Σ
pν dσ
′ν
(2pi)3
∫
D xˆ
∏
a
wa(R;xaP ) |ψ(xˆ)|2 (III.75)
Due to the produt
∏
a wa(R;xaP ), the arguments of the besselfuntions are now x-
weigthed sum of the above arguments (eq. (III.70)) for the quarks:
[k]hadron (ρ,ϕ,xˆ) =
nq∑
n=1
√
m2n + (xnPT )
2 cosh ηT (ϕ,ρ,xnPT )
T
, (III.76a)
[i]hadron (ρ,ϕ,xˆ) =
nq∑
n=1
xnPT sinh ηT (ϕ,ρ,xnPT )
T
(III.76b)
where nq is the number of valene quarks.
The degeneray fator C are not a priori lear from QCD. In priniple every quark has
3 olor and 2 spin degrees of freedom. But sine there are no dynamial gluons in this
model it would be onsistent to require that the quarks have the right quantumnumbers.
Therefore, the degeneray is only determined by the degrees of freedom of the hadron, e.g.
Cp = 2 and Cpi = 1. I will not take into aount feeddown from resonane deay, exept
for the Λ, where the Σ0 is too lose in mass to be suppressed. Hene I take CΛ = 4 [Fri03℄.
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III. 4.1.1 Central ollisions
For ollisions with zero impat parameter, the initial as well as the freeze-out eentriity
will be zero. Then f(ϕ) ≡ 1 and ηT is independent of ϕ and so one arrives at
dN
2piPT dPT d y
=Cexp [µ/T ]
4piρ20
(2pi)3
∫ 1
0
d ρ′τ(ρ′)ρ′
∫
D xˆ |ψ(xˆ)|2
×
[
K1I0mT −K0I1pT∂ρτ
]
(III.77)
III. 4.1.2 Peripheral ollisions
The parameter ρ0 measures the size of the transverse freeze-out area A
f
T = piρ
2
0 (see
eq. (III.28)).
The total multipliity depends on the initially reated quark density, whih I assume to
sale linear with the size of the initial transverse area AiT (b) =
piw(b)2√
1− ei(b)2
(eq. (III.50)),
whih only depends on the impat parameter b. In order to have only one parameter for
all entralities, I let ρ0 sale like
ρ0(b) = ρc · A
i
T (b)
piR2A
(III.78)
and will x ρc for entral ollisions.
III. 4.2 Flow omponents
III. 4.2.1 Ellipti ow
The rst non-vanishing fourier oeient in the φ expansion is the so alled ellipti ow
v2 whih will therefore dominate the expansion. It measures the momentum asymmetry
between the partiles emitted in-plane (x-diretion) and out-of-plane (y-diretion):
v2 := 〈cos(2φ)〉 =
〈
cos2(φ)− sin2(φ)〉
=
〈
p2x − p2y
p2x + p
2
y
〉
. (III.79)
For ∂ρτ = 0, it an be alulated by
v2(PT ) =
∫ 2pi
0 dϕ
∫ 1
0 d ρ
′ρ′K1I2f
2(ϕ) cos(2β′)∫ 2pi
0 dϕ
∫ 1
0 d ρ
′ρ′K1I0f2(ϕ)
(III.80)
The importane of this observable omes from the fat that it is generated by the self-
quenhing momentum asymmetry (see se. III. 3.1) and is therefore mostly sensitive to
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the initial (partoni) stage of the ollision.
III. 4.2.2 Hexadeupole ow
To study additional eets, I also take a look at the next order v4. By onsidering the
ratio of the dierent oeients, one an disentangle the dierent ontribution to the
ow. Sine the oeients sale like v2 ∼ ε and v4 ∼ ε2, one expets the ratio of the ow
oeients to be independent of the initial eentriity. In the setion III. 4.3.2, I will give
a more detailed desription of this ratio.
III. 4.2.3 High-pT ow
The ow omponents alulated with reombination are monotonially rising with pT .
Sine I will not onsider ontributions from fragmentation whih dominates over reombi-
nation at high pT , the experimental observed drop at a nite pT has to be modeled by a
phenomenologial fator [Fri03℄
κ(pT ) =
1
1 + (pT /p0)2
. (III.81)
with the additional parameter p0. It enters the transverse ow rapdity (eq. (III.58)) and
makes sure that faster partons do not feel the expansion asymmetry that muh:
ηT (ϕ,ρ,pT ) = η
0
TNd
(
ρ
ρ0
)d
(1 + η˜T (ϕ)κ(pT )) (III.82)
III. 4.3 Constituent quark number saling
III. 4.3.1 Ellipti ow saling
One major suess of reombination is a predited simple onnetion between the quark
ellipti ow and the hadron ellipti ow whih gives strong evidene for a QGP phase
in the ollision. This onnetion is alled onstituent quark number saling (CQNS),
beause the hadron ellipti ow sales with the number of onstituent quarks.
To study the onnetion of the ellipti ow between quarks and hadrons, let us fourier
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expand the quark density similar to eq. (III.63) as
wq(pT ,ϕ,φ) =
1
2pi
∫
dφwq +
2
2pi
∞∑
n=1
cos(nφ)
∫
dφ cos(nφ)wq + sin(nφ)
∫
dφ sin(nφ)wq
=exp [k(ϕ,ρ,pT ) cosh(η − y) + µ/T ] I0
×
(
1 + 2
∞∑
n=1
In
I0
cos(nβ′) cos(nφ) +
In
I0
sin(nβ′) sin(nφ)
)
=exp [k(ϕ,ρ,pT ) cosh(η − y) + µ/T ] I02
∞∑
n=0
vwn cos(n(β
′ − φ)) (III.83)
by dening vw0 := 1/2 and v
w
n := In/I0.
To simplify the derivation, I take ∂ρτ = 0 whih is only a minor simpliation ompared
to the following ones. Beause of the orthogonality of the osine, only the oeient vw2
enters the ellipti ow for quarks:
[v2]
quark
pT
=
∫ 1
0 ρ
′ d ρ′
∫ 2pi
0 dϕf
2(ϕ)I0K1v
w
2 cos(2β
′)∫ 1
0 ρ
′ d ρ′
∫ 2pi
0 dϕf
2(ϕ)I0K1
, (III.84)
To ompare it to the hadron ellipti ow, I simplify the hadron wavefuntion. Sine it is
the produt of the momentum frations xq, it is already maximal for quarks with equal
momentum. Therefore, I use the delta-funtion approximation
|ψ(xˆ)|2 =
nq∏
i=1
δ
(
xi − 1
nq
)
(III.85)
Then the x-integration will brake down and all quarks have the equal momentum fration
1/nq . For a meson one now has a produt of two fourier series whih an be expanded to
wq1(pT /2)wq2(pT /2) =exp
[
kmeson(ϕ,ρ,1/2) cosh(η − y) + 2µ/T ] I20 (i(ϕ,ρ,pT /2))
× 4
∞∑
n,m=0
vwn v
w
m cos(n(β
′ − φ)) cos(m(β′ − φ)) (III.86)
As I will show in setion III. 4.4, the higher terms an not be negleted, so analytially
there is no simple and exat relation between the quark and the hadron v2.
Those who want to derive an analytial expression for the saling, must use a strong
simpliation and drop the spatial orrelations between the angle and ow veloity from
the quark density. In this ase, one assumes just a onstant asymmetry in the ow prole
whih is equal at every point in the reball, and rewrite the density with the help of the
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quark ellipti ow as [Fri03℄
wq(pT ,ϕ,φ) = wq(pT ,φ)
(
1 + 2 [v2]
quark
pT
cos(2φ)
)
(III.87)
The azimuthal asymmetry is only ontained in the cos(2φ) term whih depends only on
the hadron emission angle φ. The previous dependene of ηT on the spatial angle ϕ is now
gone. When assuming a irular freeze-out area (ef = 0 ⇒ f(ϕ) = 1), the ϕ-dependene
an be integrated out ompletely whih leads to a muh simpler equation for the hadron
ellipti ow. One nds for mesons
[v2]
meson
PT
=
∫ 1
0 ρ
′ d ρ′I0 [i(ρ,PT /2)]K1 [k(ρ,PT /2)]∫ 1
0 ρ
′ d ρ′I0 [i(ρ,PT /2)]K1 [k(ρ,PT /2)]
× v
q1
2 + v
q2
2
1 + 2vq12 v
q2
2
(III.88)
and for baryons
[v2]
baryon
PT
=
∫ 1
0 ρ
′ d ρ′I0 [i(ρ,PT /3)]K1 [k(ρ,PT /3)]∫ 1
0 ρ
′ d ρ′I0 [i(ρ,PT /3)]K1 [k(ρ,PT /3)]
×
(
vq12 + v
q2
2 + v
q3
2 + 3v
q1
2 v
q2
2 v
q3
2
)
(
1 + 2
(
vq12 v
q2
2 + v
q1
2 v
q3
2 + v
q2
2 v
q3
2
))
(III.89)
where vq2 is to be evaluated at PT /2 for mesons and at PT /3 for baryons. With the
additional simpliations of a onstant transverse ow rapidity independent of the radius,
one arrives at
[v2]
meson
PT
=
[
vq12 + v
q2
2
1 + 2vq12 v
q2
2
]
PT /2
(III.90)
and
[v2]
baryon
PT
=

 vq12 + vq22 + vq32 + 3vq12 vq22 vq32
1 + 2
(
vq12 v
q2
2 + v
q1
2 v
q3
2 + v
q2
2 v
q3
2
)


PT /3
(III.91)
respetively. For hadrons with similiar quark ontent all oeients vq2 are equal and by
further negleting quadrati and ubi terms, one obtains the muh elebrated onstituent
quark number saling [Fri03℄
[v2]
hadron
PT
≈ nq [v2]quarkPT /nq (III.92)
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Beside all the simpliations, this saling law is onrmed with great suess by the
experimental data. A ommon way to show the good agreement is to sale the data of
hadrons by 1/nq and plot it as PT /nq vs. v2/nq. Aording to the saling law, all urves
for mesons and baryons will lie on one universal urve whih would be the quark ellipti
ow.
III. 4.3.2 Hexadeupole ow saling
With the above simpliations, one an also derive a saling law for the hadron v4. Again
negleting higher powers and assuming equal v2 and v4 for all quarks, one nds
[v4]
meson
PT
≈vq14 + vq24 + vq12 vq22
=
[
2v4 + v
2
2
]
quark
PT /2
(III.93)
and
[v4]
baryon
PT
≈vq14 + vq24 + vq34 +
(
vq12 v
q2
2 + v
q1
2 v
q3
2 + v
q2
2 v
q3
2
)
=
[
3v4 + 3v
2
2
]
quark
PT /3
(III.94)
Combining the both saling laws, ratio between v2 and v4 an be expeted to be ap-
proximately
[
v4
v22
]
meson
PT
=
1
4
+
1
2
[
v4
v22
]
quark
PT /2
(III.95)
and
[
v4
v22
]
baryon
PT
=
1
3
+
1
3
[
v4
v22
]
quark
PT /3
(III.96)
III. 4.4 The breaking of the CQNS
Although the CQNS is experimentally well observed, the saling is broken by the masses
of the hadrons and the simplied equations from the upper setion a not aount for that.
Therefore, I want to emphasize that the saling laws will only serve as a rough guide and
all alulations will be done with the full spatial orrelations of the quark density, if not
speied otherwise.
Let us shortly disuss the sale breaking terms: Taking the quark-antiquark density
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from eq. (III.86) the meson ellipti ow an be alulated via
[v2]
meson
PT
≈
∫ 1
0 ρ
′ d ρ′
∫ 2pi
0 dϕf
2(ϕ)I20 [i(ϕ,ρ,PT /2)]K1 [k
meson(ϕ,ρ,1/2)] V2 cos(2β)∫ 1
0 ρ
′ d ρ′
∫ 2pi
0 dϕf
2(ϕ)I20 [i(ϕ,ρ,PT /2)]K1 [k
meson(ϕ,ρ,1/2)] V0
.
(III.97)
V0 and V2 are the ontributing terms from the innite sum. Beause of the orthogonality
of the osine, all terms not ontaining the integral weightings (i.e. cos(0φ) for the denom-
inator and cos(2φ) for the numerator) have vanished after the φ-integration. With the
trigonometri produt
cos(nx) cos(mx) =
1
2
(cos(n−m)x+ cos(n+m)x) (III.98)
an innite sum of oeient produts vwn v
w
m that fulll n + m = d or |n − m| = d,
ontributes to
Vd =

 ∞∑
n+m=d
vwn v
w
m +
∞∑
|n−m=0|
vwn v
w
m

 2∫ dφ cos2(dφ). (III.99)
This leads to
V0 =4pi
(
2 (vw0 )
2 +
∞∑
n
(vwn )
2
)
=2pi
(
1 + 2
∞∑
n
(vwn )
2
)
(III.100)
and
V2 =2pi
(
4vw0 v
w
2 + v
w
1 v
w
1 + 2
∞∑
n
vwn v
w
n+2
)
(III.101)
In g. III.3 you see the omparison of the full alulation to zeroth order. In zeroth order,
the terms ontain only the vw2 ontributions:
V2 = 2pi (2v
w
2 ) V0 = 2pi (1 + 2v
w
2 v
w
2 ) . (III.102)
This would orrespond to the CQNS. Obviously, the simple approximation of zeroth order
is not suient when alulating with the full momentum spae orrelations. Therefore,
the higher terms an not be disarded and a simple, analytial form for quark number
saling does not exist in this framework.
Additionally to the ontribution from the higher order ow omponents, the bessel
funtions give further deviations from the saling law: In the high PT region the additional
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Figure III.3: Study of the CQNS: The ellipti ow of pions from the full alulation om-
pared to zeroth order (CQNS) in the expansion of eq. III.99 together with the light quark
ow.
powers of I0 give an enhanement for the ellipti ow, so it will be higher than nqv
q
2(PT /nq).
The higher nq the higher the enhanement will be. On the other hand, in the low PT
region where I0 is approximately one, the saling will be broken by K1. The argument
khadron(ϕ,ρ,1/nq) is the sum over the transverse masses of the quarks at PT /nq. So for
PT → 0 the transverse mass is equal to the quark mass and the argument is proportional
to the sum of the quark masses. Sine K1 is a monotoni dereasing funtion, hadrons
with heavy quarks have a lower ellipti ow at low PT as ompared to hadrons with light
quarks. Similiarly, baryons will have a lower ellipti ow than mesons when they have
quarks with omparable masses.
This expliit mass saling is experimentally observed and an not be explained within
the simpliations for an analytial CQNS.
IV Results and preditions from reombination
In this hapter I will present my results from reombination with the disussed quark
density and freeze-out hypersurfae. The hapter is organized as follows:
 Before I will present the results, I would like to summarize the parameters in the
model and how they are determined.
 Then I will show some eets of the parameters on the observables.
 The third setion will ontain results of the transverse momentum spetra.
 And in the last setion, I will disuss the ow oeients v2 and v4. There, I study
the ratio of these oeients to extrat reasonable parameter values and then disuss
the pT , entrality and
√
s dependene.
IV. 1 Overview of the parameters
IV. 1.1 Reombination parameters
IV. 1.1.1 Quark masses
The bare quark masses (urrent quark masses) for the light quarks are muh smaller
then the hadrons they onstitute, with mu = 1.5 − 3.3 MeV, md = 3.5 − 6.0 MeV and
ms = 70 − 130 MeV. So while the mass of u and d make up only about 0.15% of the
proton mass, the main ontribution omes from the gluons and the virtuell quark-antiquark
pairs. To aount for the dynamially generated mass, the quarks are assigned so alled
onstituent masses.
Sine in the reombination approah there are no dynamial elements like gluons or
pair prodution, it would be onsistent to assume that the reombining quarks are already
surrounded by this virtuell loud. Therefore, one has to use onstituent quark masses.
These onstituent masses are hosen to t the hadron masses alulated from mass
formulas within the quark model. The best t is ahieved when using dierent masses
for mesons and baryons sine they have dierent nulear size. I take the values from
Gasiorowiz [Gas81℄ as
mu =md = 310 MeV, ms = 483 MeV for mesons, (IV.1)
mu =md = 363 MeV, ms = 538 MeV for baryons. (IV.2)
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Mesoni systems onsisting of heavy quarks like harm or bottom an be desribed
non-relativistily due to the large mass of the quarks. That is why I take the onstituent
masses as the half of the meson masses. That means
mc =mJ/ψ/2 = 1.548 GeV (IV.3)
mb =mΥ /2 = 4.730 GeV (IV.4)
IV. 1.1.2 High-pT damping
To aount for the fat that the ellipti ow has some maximum and is then slowly droping
at higher PT , I introdued a phenomenologial damping fator in setion III. 4.2.3. It will
be hosen to t the high-pT ellipti ow data.
Sine a non-zero freeze-out eentriity will give an enhanement to the high-pT ellipti
ow, the value for p0 will be oupled to ef .
IV. 1.2 Freeze-out hypersurfae parameters
IV. 1.2.1 Transverse freeze-out area
The transverse freeze-out area AT = piρ
2
0 eets the total multipliity. I x ρ0 = 11 fm to
t the experimental data on the invariant yield of dierent hadrons in entral ollisions
(see Fig. IV.14). As already noted, the multipliity in peripheral ollisions is assumed to
sale with the initial transverse area whih depends on the impat parameter.
IV. 1.2.2 Impatparameter
The impat parameter b is not a real free parameter, but there are some unertainties
in relating it to the entrality whih is the experimentalists impat measure. To do it
without additional alulations from the Glauber, I take the funtional form [Bro02℄
c(N) =
pib2(N)
σ
inel
with σ
inel
= 7.05b = 705 fm2 (IV.5)
where c(N) is the entrality of events with a multipliity higher than N . Despite its
simpliity, the results are almost equal to the Glauber model for binary ollisions. Only
for ultra peripheral ollision (b > 14 fm) there are small deviations.
IV. 1.2.3 Freeze-out eentriity
While the initial eentriity is xed by the impat parameter, the eentriity at freeze-
out, whih originates from the initial one, depends on the expansion dynamis. Due to
the indued momentum asymmetry, the eentriity of the reball will beome smaller as
it expands. But there is no need to expet it to be zero at freeze-out.
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The numerial eentriity ef models the shape of the transverse freeze-out area. The
onsequenes from a non-zero ef are disussed in setion IV. 2.3.1 and the funtional form
of the dependene on ei an be found in setion IV. 2.3.3.
IV. 1.2.4 Time dependent hypersurfae
By assuming an ellipti freeze-out in the previous setion, the transverse part of the
hypersurfae will be treated quite general. And the assumed boost invariane of the
longitudinal expansion in setion III. 2 is generally aepted and well established.
An open question onerns the time dependene of the hypersurfae. As already said
in setion III. 2.1 I let τ be a funtion of the radial oordinate ρ. The funtional form of
the dependene and its impliations are disussed in setion IV. 2.4.
Together with ρ0, the mean freeze-out time
τ0 =
∫
τ(ρ)ρ d ρ∫
ρ d ρ
. (IV.6)
will enter only as an overall normalization fator. Therefore, I take it to be onstant with
τ0 = 5 fm [Fri03℄.
IV. 1.3 Blast wave parameters
The parameters for the blast wave model are the temperature T , the baryo-hemial
potential µB , the transverse ow rapidity η
0
T and its radial prole parameter dρ. The rst
two depend on the phase boundary and will be determined within the MIT bag model, the
rapidity has to be extrat from ts to experimental data and the prole will be adjusted
to a reasonable value. An additional strange fugaity γs = γs¯ = 0.8 is introdued to t
the invariant yields (se. IV. 3.1) and ratios (se IV. 3.3) of the strange hadrons.
IV. 1.3.1 Phase boundary
The thermodynami quantities T and µB at the phase boundary are alulated via the
MIT bag model from se. II. 2.2.2. To hoose reasonable values for the dierent olliders,
one needs the dependene on the enter-of-mass (m) energy
√
s for either T or µB.
One an extrat the values for these quantities within the thermodynamial model by
ts to experimental data. From the values in [Cle06℄ I hoose the ansatz
T (
√
s) =TC
(
1− (√s/b)a) (IV.7)
µB(
√
s) =
c
1 + (
√
s/d)
(IV.8)
with a = −0.85, b = 1.33 GeV, c = 1.12 GeV and d = 5.48 GeV. The t is shown in
g. IV.1.
But sine these are the values at freeze-out, one has to link the baryo-hemial potential
from there to the phase boundary. By applying an isentropi expansion within a simple
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Figure IV.1: Temperature T and baryo-hemial potential µB
a) T and µB at freeze-out as a funtion of
√
s for dierent olliders. The lines are ts from
eqs. (IV.7) and (IV.8).
b) Comparison of the phase boundary (solid) from the MIT bag model and the freeze-out
urve (dashed) from a t to dierent olliders. The dotted lines are the paths along an isen-
tropi expansion.
hadrongas model, I establish a onnetion of the onditions from the phase boundary (pb)
to the freeze-out (fo).
The isentropi path of the system in the T −µB-plane is shown in g. IV.1(b). It shows
that the baryo-hemial potentials an be simply related by
µ
pb
B = 0.938 · µfoB (IV.9)
Together with eq. (IV.8) and eq. (II.3) I an express T and µB at the phase boundary as
a funtion of
√
s.
IV. 1.3.2 Transverse expansion
The mean transverse ow rapidity η0T will be tted to ow rapidities extrated from the
experimental data [Xu02℄ at kineti freeze-out. The data showed in [Xu02℄ is for mean
transverse ow veloity βT , but I use the rapidity ηT = tanh βT to avoid that the veloity
beomes greater than c in the t.
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Figure IV.2: Parameterisation of the transverse ow rapidity ηT (full line) as funtion of√
s. The data at kineti freeze-out (rosses) are taken from [Xu02℄.
To t these values I hoose
ηFreezeT (
√
s) =a+ bx+ cx2 + d ln(x) (IV.10)
with x =ln
(√
s
)
with the onstants a = 0.418, b = −0.064, c = 0.012, d = 0.170. As these values are
extrated at freeze-out, I sale the obtained transverse rapidities by a onstant fator k =
0.85 to obtain the transverse ow at the hadronization surfae. Using these parameters,
the value for vT = 0.54 at
√
s = 200 GeV (RHIC) agrees with the value from [Fri03℄.
For
√
s = 5.5 TeV (LHC) I obtain a transverse ow veloity of vT = 0.75 also in line
with previous estimates [Fri04℄. Fig. (IV.2) depits the t (line) and the available data
on ηT (rosses).
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IV. 2 Inuene of the parameters and parameterisations
IV. 2.1 Delta-shaped wavefuntions
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Figure IV.3: Relative deviations rδ of delta-shaped wavefuntions from realisti light one
wavefuntions in eq. III.13.
The ansatz in eq. (III.13) for the loal light one wavefuntion with the produt of
the momentum frations x is motivated by the asymptoti form of the pertubative pion
distribution amplitude [Fri03℄. This funtion is very broad and so the quark momenta are
strongly smeared around P/nq.
The other extreme ase is the delta-funtion approximation of eq. (III.85) whih is
already used in the derivation of the CQNS, where the hadron onsists of nq quarks
with all having the same momentum P/nq. The inuene of this strong simpliation
ompared to the realisti light one wavefuntions is shown in Fig. IV.3, where I have
given the relative deviations rδ = (dNδ − dN)/dN for pions and protons.
IV. 2.2 Eets of the blast wave parameters
IV. 2.2.1 Baryo-hemial potential
The inuene of the baryo-hemial potential µB on the results is quite negletable. First
of all, it only enters as a fator for eah quark in the invariant yield. Seond, it drops
out of the ow oeients ompletely at least for boltzmann statistis. Finally the value
of µB at RHIC and higher energies is muh smaller then the temperature (Fig. IV.1(a)).
Therefore the fugaity γ = exp [µB/T ] ≈ 1 gives only small orretions.
IV. 2.2.2 Temperature
The temperature T sets the slope of the thermal quark spetrum and also enters the
invariant yields. So the temperature is an important parameter, but it varies mainly
at low .m. energies. For
√
s & 10 GeV it quikly approahes the ritial temperature
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TC = 175 MeV and for RHIC energies and beyond it is essentially onstant (Fig. IV.1(a)).
So for the energy range, where reombination an be onsidered to play an important role,
the energy dependene of temperature is not signiant.
IV. 2.2.3 Transverse ow rapidity
The main parameter with the biggest impat on the results is the transverse ow rapidity
ηT = atanh(βT ), sine it is expeted to show strong variations as the t from g. IV.2 sug-
gests. Although the funtional form is very unertain, the general trend of a rising rapidity
an be expeted. The exat shape of the dependene is therefore not that important, as
long as it ts the value at LHC whih is generally expeted to be vT = 0.7− 0.8.
The inuene of ηT an be studied by looking at the slope of the pT spetra. The bessel
funtions (eq. (III.69)) an be expanded in exponentials exp
[−mT/T
e
]
with an eetive
temperature that sets the slope. The inverse temperature an then be found by
d
dmT
ln
[
dN
pT d pT
]
= − 1
T
e
(IV.11)
For entral ollisions, a xed radial oordinate ρ and ∂ρτ = 0, this expression an be
alulated analytially [Sh93℄:
− 1
T
=
d
dmT
ln
[
K1
(
mT cosh ηT
T
)
I0
(
pT sinh ηT
T
)
mT
]
=
1
mT
+
I1
I0
mT sinh ηT
pTT
− K0
K1
cosh ηT
T
mT→∞=
cosh ηT − sinh ηT
T
= − 1
T
√
1− βT
1 + βT
(IV.12)
So at high mT (or pT ) the eetive temperature is blue shifted as
T
e
= T
√
1 + βT
1− βT > T (IV.13)
so the slope at high transverse momenta is less steep for a non-zero transverse expansion
veloity βT .
At low mT the ase is less simple. Therefore, I show the invariant yield for pions and
protons in Fig. IV.4 for dierent values of βT and also for two dierent temperatures. The
same omparison for the ellipti ow is depited in Fig. IV.5
IV. 2.2.4 Radial prole of the transverse rapidity
The seond parameter in the transverse rapidity ηT , beside the mean rapidity η
0
T , is dρ
whih models the radial growth in eq. (III.58) as (ρ/ρ0)
dρ
. In the derivation of the CQNS,
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Figure IV.4: The invariant yield of pions and protons for dierent transverse ow veloi-
ties βT .
I already used the appproximation of a radially onstant transverse rapidity i.e. dρ = 0.
This is a very unrealisti assumption sine there is no pressure gradient in the enter and
so there should be no expansion. Thus, one expets ηT to be a smoothly rising funtion of
the radial oordinate with a dependene somewhere between square-root and quadrati.
Therefore, reasonable values for dρ should be between 0.5 and 2.
The yield and ellipti ow of pions and protons are ompared for dierent values of dρ
in Figs. IV.6 and IV.7. For the pion yield the modiations are negletable, but at low pT
the proton yield shows a strong enhanement for higher values of dρ. On the other hand,
the ellipti ow dereases with inreasing dρ for both partiles at low to mid pT .
The real dependene an be quite non-trivial and an only be studied in dynamial
alulations. To have a possibilty to determine a reasonable value, I will ompare the
results for the yield to experimental data (setion IV. 3.1). The ellipti ow in fat is
also very sensitive to the hoie of dρ, but it also depends very muh on the freeze-out
parameters as an be seen in the next setions. Therefore, a t to v2 data would be too
involved and unertain. That is why I will use dρ = 1, sine it is the best t for the yield
and also a reasonable ompromise between square-root and quadrati dependene.
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Figure IV.5: The ellipti ow of pions and protons for dierent transverse ow veloities
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IV. 2.3 Separating ow and non-ow eets
The information about the φ-dependene of the invariant yield is stored in the fourier o-
eients vn. There are two dierent mehanisms that generate the azimuthal asymmetri
partile yields. So before going into a detailed analysis of the results from v2 and v4, I
will analyse the respetive strength of both ontributions. The fourier oeients vn an
be separated in two dierent ontributions:
 The ow ontribution omes from the asymmetry in the expansion veloity whih
is parameterized in eq. (III.56). The asymmetry depends on the initial numerial
eentriity ei. This is the ontribution whih results in the CQNS and therefore
the more prominent one.
 The geometrial ontribution omes from the asymmetry of the transverse freeze-
out area whih depends on the numerial freeze-out eentriity ef . Beause of its
spatial, geometrial origin it is nearly independent of the partile speies.
Both eets develop from the the same origin, namely the initial eentriity in non-
entral ollisions. While the strength of the ow part is xed by the impat parameter,
the geometrial ontributions depend on the funtional dependene ef = ef (ei).
Hene, I will rst disuss the geometrial and then the ow ontributions and after that
study the freeze-out eentriity.
IV. 2 Inuene of the parameters and parameterisations 45
IV. 2.3.1 Geometrial ontributions
To fous on the geometrial ontributions, I turn o the ow ontributions by setting
ei = 0. Without an initial spatial anisotropy, there is no expansion veloity asymmetry.
This normally also means that the freeze-out eentriity is zero, so I will set it manually
to a nite value.
As already explained in setion III. 2.2 for an ellipti freeze-out, the radial diretion
is not equal to the one perpendiular to the surfae. Thus, we have to investigated the
ontributions for both models sine non should be exluded a priori. Fig. IV.8 shows v2
and v4 ontributions for pions and protons in both senarios. Due to the geometrial
nature, the ontributions are nearly equal for pions and protons, so I will not show any
alulations for other partile speies.
What an be seen diretly is that the v4 is equal for both ases, while the v2 swithes
sign when going from perpendiular (model 1) to radial expansion (model 2). This is
the onsquene of the transformation behavior of the integration measure derived in se-
tion III. 2.2. As stated therein, the ow of model 1 is equal to the ow from model 2 with
the ellipse rotated by 90◦. Reversing this rotation is just swithing the x- and y-axis. For
v2, whih ompares the ow of x- to y-diretion, this is equal to hanging the sign, but
v4, whih ompares x- and y-diretion to the diagonal diretion, is not aeted by this
rotation.
To distinguish between the models, rst one has to predit the orientation of the freeze-
out ellipse. Then, by omparing the geometrial together with the ow ontributions to
experimental data, the orret model an be identied. On the other hand, this means
that without the knowledge of the ellipse' orientation, there is no way to exlude one of
the models.
In setion IV. 2.3.3 I will present experimental evidene for the diretion of the elonga-
tion.
IV. 2.3.2 Flow ontributions
The ow ontributions are studied by setting ef = 0. These ontributions are sensitive to
the quark ontent and are the soure of the CQNS disussed in se. III. 4.3.1. To simplify
the omparison to the geometrial ontributions, I also set ∂ρτ = 0. The modifations
arising from τ = τ(ρ) will be disussed later. Fig. IV.9 shows the saled ellipti and
hexadeupole ow for dierent hadrons.
The general trend of the CQNS is learly visible whih is one of the major suesses of
reombination. Despite the simpliations made in setion III. 4.3.1, the CQNS is at the
heart of the formalism and therefore persists even when alulating with the full spae-
momentum orrelations. Although the very simple saling law is nie, it should not be
taken to far, beause the saling is expliitly broken as disussed in setion III. 4.4. Most
obvious is the additional mass saling where heavier partiles have a smaller and even
negative ow oeient.
The mass saling between mesons and baryons omes from the sum of the onstituent
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Figure IV.8: Purely geometrial ontributions to the ellipti ow of pions (red urve) and
protons (green urve) from an elliptial freeze-out area with ef = 0.62.
Left: The system expands orthogonal to the surfae, whih yields a positive v2 (upper
urve) and a positive v4 (lower urve).
Right: The system expands radial. The v2 (lower urve) is negative, but with same ampli-
tude, v4 (upper urve) is equal to the other ase.
masses as explained in setion III. 4.4. And the mass saling among dierent mesons/baryons
omes from the quark ow (Fig. IV.10) where only the dierent masses lead to a dierent
ellipti ow. This is also true for v4. To have an approximate omparison to the saled
ellipti ow, Fig. IV.9 shows a saled hexadeupole ow with v4/n
2
vs. PT /n. The 1/n
2
is inspired by an observed onstant ratio v4/(v2)
2
(for details see se. IV. 4.3).
IV. 2.3.3 Relative strength of both ontributions
While the ow ontributions are xed by the impat parameter, the geometrial ontri-
butions depend on the orientation of the freeze-out ellipse and its eentriity. To relate
the initial and the freeze-out eentriity, I will use a simple linear ansatz
ef = ce · ei (IV.14)
with the parameter ce < 1.
To obtain a rst approximation, let us ompare the results from the previous hapter
with a irular freeze-out (ce = 0) to atual data (see Fig. IV.27 on page 68). As you
an see the ellipti ow is generally underpredited at low pT . Sine p0 only models the
high-pT damping, it has no eet to hange it. The only possibility to raise the pion v2
high enough would be to lower the quark mass to a few MeV, whih not only is very
questionable, but also fails to reprodue the baryons.
Hene, to math the data, one seems to need some additional positive ontributions
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ients of dierent hadrons for a irular freeze-out.
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aled hexade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Figure IV.11: Comparison of the freeze-out eentriity from eq. (IV.17) for dierent ce
to STAR alulations [Ada04℄, where the freeze-out eentriity has been obtained with
azimuthally-sensitive HBT and the initial eentriity was alulated within a Glauber
model. Unertainties on the preise nature of spae-momentum orrelations lead to 30%
systemati errors on εf .
from the geometry. This is ahieved by setting ce ≈ 0.7. That means the freeze-out
eentriity should be about 70% of the initial eentriity. This also inreases the high
pT region whih is ompensated by dereasing p0 to 0.65.
This is a rst hint that ef is not neessarily zero and needs to be inorporated. This is
supported by STAR data [Ada04℄, where the initial and nal eentriity was alulated
via the Glauber model and HBT interferometry. Their results indiate that the ellipti
ow annot quenh its initial asymmetry ompletely.
As disussed in se. III. 3.2, the numerial eentriity e is ompared to the glauber
eentriity ε via
ε =
1
2
e2
2− e2 or respetively (IV.15)
e =
√
4ε
2ε+ 1
(IV.16)
Together with the linear saling of ef = ceei this relates the initial and the freeze-out
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eentriity as
εf =
1
2
c2e2i
2− c2e2i
=
1
2
c2
4εi
2εi + 1
2− c2 4εi
2εi + 1
=
c2εi
2εi + 1− 2c2εi . (IV.17)
Fig. IV.11 shows the results of eq. (IV.17) to the STAR alulations, whih gives ce =
0.731± 0.015 for the best t ase. This good agreement supports the simple linear ansatz
in eq. (IV.14) and onrms the rst estimate of ce ≈ 0.7. But the large systemati errors
do not allow a rm onlusion, so ε ≈ 0.65− 0.8 is onsistent with errors.
This data also learly indiates a positive εf whih means that the orientation has not
hanged ompared to the initial ellipse and it is still elongated out-of-plane. From what
I already said in se. IV. 2.3.1, I onlude that the transverse expansion of the system is
perpendiular to the surfae and drop the surfae ow model no. 2 in favor of model 1
(se. III. 2.2).
IV. 2.4 Correlation between τ and ρ
So far I only studied the ellipti ow with a onstant freeze-out time. To be a bit more
general I assume a linear dependene on the radial oordinate as
τ = λρ+ τ ′ and therefore ∂ρτ = λ. (IV.18)
For a given mean freeze-out time τ0 it follows
τ ′ = τ0 − 2
3
ρ0λ (IV.19)
With λ = 0 a onstant freeze-out time τ = τ0 is reovered. This is a quite simple ansatz,
but it sues to study a general dependene.
The dependene of the yield on λ is shown in Fig. IV.12 for dierent hadrons. The
relative deviations rλ(dN) = (dNλ − dNλ=0) /dNλ=0 is similiar for mesons and baryons
and approximately independent of pT with about -0.2 for λ = 0.3 and 0.2 for λ = −0.3.
The deviations ∆λ(v2) = v
(λ)
2 − v(λ=0)2 of the ellipti ow for dierent λ are shown in
Fig. IV.13 for an ellipti freeze-out with ce = 0.7. For a irular freeze-out the deviations
are negletable. So non-zero λ has the largest eets on v2 at low pT . This behaviour is
similar for the hexadeupole ow.
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IV. 3 Transverse momentum spetra
In this setion I show hadron prodution for Au+Au ollisions at
√
s = 200 GeV from
reombination. For the LHC preditions of Pb+Pb ollisions at
√
s = 5.5 TeV I will use
the same nulear size ρ0, sine the radius only enters an overall fator and there is no data
yet available to ompare to.
IV. 3.1 Yields
Fig. IV.14 shows the transverse momentum spetra of light and strange hadrons ompared
to data from PHENIX [Chu03℄ and STAR [Abe06, Min08, Abe07, Ada07a℄ for dierent
entralities. In the mid pT range, the results agree with the data. But below 2 GeV
and espeally below 1 GeV, the data is signiantly underpredited for hadrons with light
quark ontent. This is due to the energy violation in the reombination formalism and
also the ontributions from resonane deay are not inorporated. For hadrons with only
strange quark ontent, namely φ and Ω, the preditions are in good agreement even down
to very low pT , sine for the massive partiles the energy violation is not that strong and
the ontributions from resonane deay are minor. The blak lines orrespond to LHC
preditions for an impat parameter of b = 2 fm.
Fig. IV.15 shows the transverse momentum spetrum of harged hadrons ompared to
data from STAR [Ada03℄ for dierent values of dρ, the parameter for the radial prole of
the transverse rapidity. While the results are equal at low pT , they dier for pT > 3 GeV
and the best t is ahieved for about dρ = 0.5− 1. But the large deviations from the data
at low pT do not allow for a rm onlusion on that parameter. Another analysis is given
in se. IV. 4.3.2, where I study the dependene of the ow ratios on this parameter. For
now I will use dρ = 1. The other parameters are ce = 0.73 and λ = −0.3 as disussed
in the previous setions. The negative λ gives a onstant fator of about 1.2 while the
freeze-out eentriity does not aet the transverse momentum spetra, sine it is hosen
to preserve the total transverse freeze-out area.
IV. 3.2 Mean transverse momentum
Fig. IV.16 shows the mean transverse momentum 〈pT 〉 as a funtion of the hadron mass
in the left panel. The results for RHIC (red points) are ompared to data from STAR
[Abe08a℄ (blue points). At low hadron mass, namely for pions and kaons, the results for
the mean pT overestimate the data, sine the low pT yield is underestimated as shown in
the previous paragraph. For protons and heavier hadrons, the deviations for the yield are
smaller and therefore the prediitions of the mean pT are in muh better agreement.
Additionally, in the right panel I show the mean transverse veloity 〈vT 〉|y=0 =
〈pT 〉
E
=
〈pT 〉
〈mT 〉 at midrapidity alulated from the mean pT . As one an see, this quantity softens
the deviations for the light mesons. For masses of about 2 GeV the veloity approahes
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Figure IV.14: Transverse momentum spetra of hadrons for Au+Au ollisions at
√
s =
200 GeV ompared to pion, kaon and proton data [Chu03℄ from PHENIX (blue points),
pion and proton data [Abe06℄, kaon data [Min08℄, φ data [Abe07℄, λ and ω data [Ada07a℄
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the value of the mean transverse expansion βT = 0.55 (blak lines) at RHIC. Similiar the
preditions for the LHC (green points) approah βT = 0.75.
The gure also depits alulations from the equipartition theorem (red/green lines),
whih states〈
pm
∂H
∂pn
〉
= δmnkBT (IV.20)
with the temperature T and the Boltzmann onstant kB (whih is equal to 1 in natural
units). Using the energy H = E = pµu
µ
from eq. (III.62) in the loal rest frame, this
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tion of the hadron mass at RHIC (red) and LHC (green). Data points
(blue) are from STAR [Abe08a℄ and the bla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leads to
T =
〈
pz
∂H
∂pz
〉
= p2z
cosh(ηT )
E
(IV.21)
2T = p2T
cosh(ηT )
E
− pT cos(ϕ− Φ) sinh(ηT ) =
〈
pT
∂H
∂pT
〉
=
〈
px
∂H
px
〉
+
〈
py
∂H
∂py
〉
(IV.22)
These equations are oupled via E =
√
p2T + p
2
z +m
2
so they need to be solved numeri-
ally.
Interestingly, the values for hadron masses above 1 GeV are larger then the results from
reombination, if one uses the same temperature T = 0.175 GeV and transverse veloity
βT = 0.55 or respetively βT = 0.75. Therefore, the mean veloity 〈βT 〉 reahes these
limiting values muh later. When using T and βT as t parameters, the equipartition
theorem reprodues the reombination results for T = 0.324 GeV, βT = 0.0 for RHIC and
βT = 0.45 for LHC.
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IV. 3.3 Hadron ratios
The large proton/pion ratio at mid pT was one of the puzzles that fragmentation failed to
desribe and thus, it is one of the motivations for studying reombination. So, Fig. IV.17
shows the ratios of the invariant yields from dierent hadrons ompared to data from
PHENIX [Adl03℄ and STAR [Lon04, Min08℄. The low pT region is mainly overestimated
whih an be attributed to the failed desription of the pT spetra at low pT , due to
the energy violation. The mid pT results are between a mediore and good agreement,
apart from the λ to K0 ratio whih is about a fator of 2 smaller. The main point is
the predition of the large proton to pion ratio of about 1. The high pT region is badly
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predited and would require the ombined treatment of reombination and fragmentation
[Fri03℄.
The blak lines orrespond to LHC preditions, but with the same strange fugaity
γs = 0.8 whih would have to be extrated from ts and an be expeted to be larger.
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IV. 4 Flow oeients v2 and v4
In this setion, I study the ellipti and hexadeupole ow at RHIC and LHC. I will start
with the eentriity dependene of the mean ow oeients. The ndings will motivate
the investigation of the ow ratio v4/(v2)
2
whih will support the ndings in se. IV. 2.3.3
about the freeze-out eentriity.
This ratio also gives the opportunity to study a τ−ρ orrelation and the radial prole of
the transverse expansion rapidity. The obtained values for the orresponding parameters
in the setions IV. 4.3.1 and IV. 4.3.2 will be used in the omparison to experimental data
of the dierential ow oeients.
IV. 4.1 Mean ow oeients
The mean ellipti or hexadeupole ow 〈vn〉 at midrapidity is the pT integrated average
folded by the transverse momentum distribution:
〈vn〉 =
∫
d pT vn(pT )
dN
d pT∫
d pT
dN
d pT
(IV.23)
IV. 4.2 Eentriity dependene
The strength of the ow oeients vn depends on the impat parameter or respetively
the eentriity. To study the dependene, I will ompare the mean, pT -integrated ow
〈vn〉 to the eentriity ε. Looking at equation eq. (III.56), one expets the mean v2 to
sale mainly linear with ε and v4 to have a larger quadrati ontribution.
Therefore, the alulations are tted by 〈vn〉 (ε) = aε + bε2 and shown in Figs. IV.18
and IV.19. The t values support the expeted behaviour and an be found in Tab. IV.1.
Table IV.1: Fit values for the funtion 〈vn〉 (ε) = aε + bε2 as shown in Figs. IV.18
and IV.19.
pi+ K+ φ p Σ+ Ω
v2 mit ce = 0.0
a =1.58e-01 1.28e-01 1.02e-01 1.37e-01 1.15e-01 7.57e-02
b =1.04e-01 7.95e-02 6.39e-02 7.26e-02 7.20e-02 8.06e-02
v2 mit ce = 0.73
3.05e-01 2.72e-01 2.47e-01 2.94e-01 2.80e-01 2.63e-01
-1.17e-01 -1.23e-01 -1.25e-01 -1.43e-01 -1.40e-01 -1.31e-01
v4 mit ce = 0.0
-4.92e-03 -3.13e-03 -1.75e-03 -2.00e-03 -1.21e-03 -7.62e-05
6.11e-02 4.36e-02 2.86e-02 4.00e-02 2.65e-02 2.06e-03
v4 mit ce = 0.73
6.67e-03 7.05e-03 7.08e-03 1.08e-02 1.05e-02 9.36e-03
8.43e-02 6.85e-02 5.61e-02 8.02e-02 7.31e-02 6.33e-02
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Figure IV.18: Mean ow 〈vn〉 as a funtion of the eentriity ε for mesons (left) and
baryons (right) from a irular freeze-out (ce = 0). The lines are tted by 〈vn〉 (ε) = aε+bε2
with the values from Tab. IV.1.
Upper: Mean ellipti ow. Lower: Mean hexadeupole ow.
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Figure IV.19: Mean ow 〈vn〉 from an ellipti freeze-out with ce = 0.73. Tab. IV.1 shows
the t values.
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IV. 4.2.1 Flutuations
For a xed impat parameter, the eentriity is expeted to utuate [Vol08, Bro07℄.
Sine the ow omponents sales with powers of ε, the utuations in the pT -integrated
〈vn〉 an be related to the eentriity utuations. To study these utuations, I take the
ts from table IV.1, where I used
〈vn〉 (ε) = aε+ bε2. (IV.24)
I assume a gaussian distribution of the eentriity around the mean expeted eentriity
ε as
p(ε) = Nexp
[
−1
2
(ε− ε)2
σ2(ε)
]
(IV.25)
with a width σ that generally an depend on the mean eentriity. The mean of the
ellipti ow distribution an then be alulated as
〈vn〉 = b
(
σ2(ε) + ε¯2
)
+ aε¯ (IV.26)
and the utuations are
σ (〈vn〉) = σ(ε)
√
2b2(2〈vn〉 − bσ2(ε)) + a2 (IV.27)
where 〈x〉 is the pT -integrated mean and x denotes the utuation mean.
The relative utuations for a purely linear dependene (b = 0) simplify to
σ(〈vn〉)
〈vn〉
=
σ(ε)
ε
. (IV.28)
For a purely quadrati dependene (a = 0) the relative utuations sale with
√
b as
σ(〈vn〉)
〈vn〉
≈ 2
√
b
(
σ(ε)
〈ε〉 −
3
4
(
σ(ε)
〈ε〉
)3)
(IV.29)
Looking at the t values in table IV.1, the quadrati ontributions for the ellipti ow
are small ompared to the linear ones (a > b) and vie versa for the hexadeupole ow
(b > a).
The relative utuations of the eentriity are predited to be approximately onstant
with
σ(ε)
ε
≈ 0.4 [Dre07, Alv07, Sor07℄. As an be seen in Figs. IV.20 and IV.21, the
relative utuations of the ellipti ow is almost independent of the partile type and also
omparable to the utuations of the eentriity as eq. IV.28 suggests. On the other
hand the relative hexadeupole utuations are muh smaller and approh the value from
eq. IV.29 for large ε. The divergene of σ(v4)/〈v4〉 at low pT is due to the negative t
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Figure IV.20: The relative ow utuations for a irular freeze-out (ce = 0) and
σ(ε)/〈ε〉 ≈ 0.4.
value of a, so that the denominator beomes zero at a nite ε.
IV. 4.3 Flow ratio
As was shown in the last setion, for a irular freeze-out the dierent ow oeients vn
will sale with the eentriity mainly as εn/2. Therefore ratios of these oeients are
an interesting probe to study, sine the ow ontributions will be insensitive to the initial
geometry. The geometrial ontributions from an ellipti freeze-out on the other hand an
have great inuene on these ratios. So they oer the possibility to verify the statements
about the freeze-out eentriity. One an also take a loser look on the inuene of a
τ − ρ orrelation (λ 6= 0) and the radial prole of transverse expansion (dρ).
I will fous on the ratio
v4
v22
, that I already disussed shortly in framework of the CQNS
(se. III. 4.3.2). For a quik approximation of the value for the quarks I ompare the
prefators from the transverse rapidity (eq. (III.56)): v2 ∼ ε and v4 ∼ 1
4
ε2, whih yields[
v4
v22
]
quark
≈ 1
4
. This will turn out to be too small. Inserting a more realisti value of 1
in the saling law from setion III. 4.3.2 gives onstant values of[
v4
v22
]
meson
≈ 1
4
+
1
2
=
3
4
(IV.30)
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Figure IV.21: The relative ow utuations for an ellipti freeze-out (ce = 0.73) and
σ(ε)/〈ε〉 ≈ 0.4.
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Figure IV.22: The ratio v4/(v2)
2
for harged hadrons from an ellipsoidal freeze-out with
dierent ce and two impat parameters.
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and
[
v4
v22
]
baryon
≈ 1
3
+
1
3
=
2
3
(IV.31)
So the simple qns formulas suggest a ratio around 0.7. But these values are muh smaller
than the experimental values from STAR [Bai07℄ (with ∼ 1.2) and PHENIX [Hua08℄ (with
∼ 0.9 ). Also the full alulations give a similiar value of about 0.7 from mid to high pT .
That indiates that we have to onsider ontributions from geometrial eets.
Fig. IV.22 shows the ow ratio for harged hadrons. The lines orrespond to dierent
perentages ce of the freeze-out eentriity to the initial one. The left gure orresponds
to an impat parameter of b = 2 fm, the right one to b = 8 fm. The good agreement
between both supports the predited independene from the eentriity.
At low pT the v4/(v2)
2
ratio is muh greater than 1 for all perentages of the freeze-out
eentriity. At mid pT the eet of an ellipti freeze-out is most learly visible. While
for ce = 0 the ratio is about 0.6, it rises to about 1 for ce = 0.73. The three urves with
ce = 0.65,0.73 and 0.8, whih are the estimates from se. IV. 2.3.3 within errors, only dier
at low pT . For these three values the ratio is in the range of the experimental data. So
to ompare the results to experimental data, I will take the best t ase of ce = 0.73 and
in the next two paragraphs I look at the dependene on two other parameters, namely λ
and dρ.
IV. 4.3.1 Inuene of a τ − ρ orrelation
This is dependene is studied by varying the parameter λ (see setion IV. 2.4). Therefore
I x dρ = 1, whih means a linear growth if the transverse rapidity. The upper panel in
Fig. IV.23 shows the ratio for harged hadrons at b = 2 fm for λ = 0, ± 0.3 ompared
to data from STAR [Bai07, Pos04℄. A onstant freeze-out time, i.e λ = 0, seems to give
the best agreement. This dierent to the lower panel with v4/(v2)
2
at b = 8 fm for pions,
protons and kaons, where at high pT the value is independent of λ, but the preditions for
λ = 0 at low pT overestimate the data. A very good agreement at least for the mesons an
be found with λ = −0.3. A (negatively) larger λ for baryons ould inrease the agreement
at low pT , but the very sharp drop of the proton ratio an not be aounted for. And it
also would enhane the disrepany to the harged hadron data from STAR.
A negative λ desribes a reball, where the outer partiles freeze-out earlier (τo than the
inner ones (τi). With λ = −0.3 and a mean freeze-out time τ0 = 5 fm, this orresponds
to τo = 4.1 fm and τi = 6.8 fm. The data does not allow to draw a rm onlusion about
the value of λ, sine it also ould (or even should) depend on the partile speies or on
their in-medium ross setions respetively. But the ase of a large positive λ, where the
τo > τi, an be disarded.
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Figure IV.23: The ow ratio v4/(v2)
2
for an ellipsoidal freeze-out with ce = 0.73. The
inuene of a τ − ρ orrelation is depited with λ = 0, ± 0.2. Upper: Ratio at b = 2 fm for
harged hadrons ompared to data from STAR [Bai07, Pos04℄. Lower: Ratio at b = 8 fm for
pions, kaons and protons ompared to data from PHENIX [Hua08℄.
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IV. 4.3.2 Inuene of the radial rapidity prole
The radial prole of the transverse rapidity is set by the parameter dρ (see setion IV. 2.2.4).
So this time I use a onstant λ = 0.
The behaviour for dierent dρ is similiar to the previous paragraph. At high pT all
three urves give the same result and only at low pT the values are modied. The data on
harged hadrons (Fig. IV.24, upper panel) is best reprodued with dρ = 1 (and λ = 0) as
in the previous paragraph. The data from PHENIX on pions and kaons seems to favour
a smaller dρ of about 0.5, while proton data at low pT points to dρ > 2, where dρ = 2 still
gives a large overestimation.
So generally both parameters an be used to ne tune the v4/(v2)
2
ratio and this would
prelude a determination of these parameters from this observable. But there are two
reason to x dρ at a value of 1 and use λ as a free parameter:
 The low pT pion data ould be explained by a lower value of λ for baryons. A
larger value of dρ on the other hand is not only unreasonable, but also largely fails
to predit the meson data. And sine dρ is a blast-wave parameter is would be
inonsistent to let it depend on the partile speies.
 The outer partiles in the shell of the reball suer less ollisions, sine they an
expand into the vauum, and therefore one expets them to freeze-out earlier than
the partiles in the inner reball. From that, one would expet a negative λ < 0,
whih is supported by hydrodynamial alulations [Kis06, Cho06℄.
IV. 4.4 Dierential ow
In this setion I will show dierential ellipti and hexadeupole ow vn(pT ) ompared to
data from RHIC. I will use the parameters as extrated from the previous setions as
ce = 0.73, dρ = 1 and λ = −0.3 if not speied otherwise. To show the relevane of
these parameters, Fig. IV.25 ompares the ellipti ow of harged hadrons with an impat
parameter of b = 8 fm for three dierent freeze-out senarios: irular freeze-out with
ce = 0, λ = 0 (blue line), ellipti freeze-out with ce = 0.73,λ = 0 (green line) and ellipti
freeze-out with ce = 0.73, λ = −0.3 (red line). Again, a irular freeze-out an be safely
disarded. An ellipti freeze-out with a radial derease of the freeze-out time (λ < 0) is the
best desription of the STAR data [Tan04℄ and only gives a slight underestimation at low
pT . The data points orrespond to the event plane (squares) and two-partile umulant
method (irles) for the determination of the ellipti ow.
Fig. IV.26 ompares the dierential ellipti ow v2(pT ) of identied hadrons to data from
RHIC from dierent entralities. The red data points are from STAR with a entrality of
40-80% and the green ones from PHENIX with 20-60% entrality. They are ompared to
an impat parameter of 9 fm (red lines) and 8 fm (green lines) respetively.
The agreement is quite good. While the behaviour at high pT hanges with the phe-
nomenologial parameter p0, the preise preditions at mid and low pT onrm the rele-
vane of the parameter ce. To show that a large freeze-out eentriity of about 70% of
IV. 4 Flow oeients v2 and v4 65
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 1.8
 2
 2.2
 0  1  2  3  4  5
v4
/(v
2)2
PT [GeV]
charged hadrons; b=2 fm
 
dρ = 1dρ = 0.5dρ = 2
STAR, cent. 20-30%
STAR, min. bias
 0.6
 0.8
 1
 1.2
 1.4
        
v 4
/(v
2)2
pi+
 
b = 8 fm
dρ = 1dρ = 0.5dρ = 2
PHENIX data, cent. 20-60%
 
 
 
 
 
 0  0.5  1  1.5  2  2.5  3  3.5
PT [GeV]
p
 
 0.6
 0.8
 1
 1.2
 1.4
 0  0.5  1  1.5  2  2.5  3  3.5
v 4
/(v
2)2
PT [GeV]
K+
 
Figure IV.24: The ow ratio v4/(v2)
2
for an ellipsoidal freeze-out with ce = 0.73. The
behaviour for dierent radial proles of the transverse rapidity is depited with dρ = 0.5,1
and 2. Upper: Ratio at b = 2 fm for harged hadrons ompared to data from STAR [Bai07,
Pos04℄. Lower: Ratio at b = 8 fm for pions, kaons and protons ompared to data from
PHENIX [Hua08℄.
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Figure IV.25: Ellipti ow of harged hadrons as a funtion of pT for ce = 0 (blue line)
and ce = 0.73 (red line (λ = −0.3), green line (λ = 0)) for an impat parameter b = 8 fm
ompared to data from STAR, ent. 20-60% [Tan04℄ (points).
the initial one is not only need for the ow ratio from the previous setion, but also for
the dierential ellipti ow, Fig. IV.27 gives the same omparison for ce = 0 and λ = 0.
So for a irular freeze-out the low and mid pT range is generally underpredited for
all hadrons and the high pT region only agrees, beause of a larger p0. As an be seen, a
remaining freeze-out eentriity an not be negleted.
The preditions for LHC (blak lines) are also shown. A rst striking observation is
that the values are generally smaller. A similar pattern was also observed within a parton
transport approah, if the visosity was set to the ADS/CFT limit [Mol07℄. It seems as
the ellipti ow reahes a maximum somewhere between these two enter of mass energies
whih is due to the inreased transverse expansion veloity from 0.55 (RHIC) to βT = 0.75
(LHC). I have already shown this strong dependene on βT in setion IV. 2.2.3. At low pT
the ellipti ow beomes even negative for (multi-)strange partiles whih will be exploited
in the following setions IV. 4.6 and IV. 4.8. A disussion about the negative ow then
follows in setion IV. 4.9.
For the fourth fourier oeient v4, experimental data is rare up to now. Fig. IV.28
shows the hexadeupole ow of dierent hadrons for an ellipti freeze-out ompared to
the available data from PHENIX [Hua08℄. The pion results agree very well with the data
while the kaon and proton data is slightly overestimated at low pT . Also the preditions
for the LHC (blue lines) are shown.
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Figure IV.26: Ellipti ow of identied hadrons as a funtion of pT with ce = 0.73 and
λ = −0.3 for impat parameters of 9 fm (red lines) and 8 fm (green lines) ompared to
data from STAR, ent. 40-80% [Abe08b℄ (red points) and PHENIX, ent. 20-60% [Afa07℄
(green points). The blak lines orrespond to the preditions for LHC (
√
s = 5.5 TeV) with
b = 8 fm.
IV. 4.5 Deuteron ow
Due to their small binding energy, deuterons are expeted not to survive the early phase,
but to be produed by proton-neutron oalesene at freeze-out [Sh97, Nys04℄. Thus, the
invariant yield an be written as
Ed
d3N
d3 pd
= B2
(
Ep
d3N
d3 pp
)
(IV.32)
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Figure IV.27: Ellipti ow as a funtion of pT for a irular freeze-out with ce = 0.0
and λ = 0 for impat parameters of 9 fm (red lines) and 8 fm (green lines) ompared to
data from STAR, ent. 40-80% [Abe08b℄ (red points) and PHENIX, ent. 20-60% [Afa07℄
(green points). The blak lines orrespond to the preditions for LHC (
√
s = 5.5 TeV) with
b = 8 fm.
with pd = 2pp and a oalesene parameter B2 whih will depend on the freeze-out volume.
Hene, the ellipti ow is related by
v
(d)
2 (PT ) = 2v
(p)
2
(
PT
2
)
. (IV.33)
But by inserting the CQNS for the proton ellipti ow, the expeted saling of the deuteron
ow with the quark ow is obtained:
v
(d)
2 (PT ) = 6v
(q)
2
(
PT
6
)
. (IV.34)
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Figure IV.28: Hexadeupole ow as a funtion of pT with ce = 0.73 and λ = −0.3 for
an impat parameter of 8 fm (lines) ompared to data from PHENIX, ent. 20-60% [Hua08℄
(points). The blue lines orrespond to the preditions for LHC (
√
s = 5.5 TeV) with b =
8 fm.
Thus, the general behaviour of the deuteron ellipti ow seems to be independent of the
prodution proess: uud+udd→ p+n→ d (after the freeze-out of p and n) or uuuddd→ d
(at hadronization).
Fig. IV.29 ompares both ases with realisti alulations at b = 8 fm to data from
PHENIX [Afa07℄ (ent. 20-60%) and STAR [Liu07℄ (minimum bias). The red line orre-
sponds to the senario of 6 reombining quarks at hadronization whih agrees very well
with the data. Only at very low pT , it does not follow the STAR data of a slightly nega-
tive v2. The green line depits the saled proton ellipti ow 2v
(p)
2 (PT /2) whih does not
give the same results but follows the same trend as expeted. It overestimates the data
whih may be due to the delta-shaped wavefuntion approximation pp = pn = pd/2. So,
while the study of the transverse momentum spetra requires a dynamial treatment with
hadroni degrees of freedom, the ellipti ow an be desribed by quark reombination
and thus follows the CQNS. Additionally, the blak line shows the predition for the LHC
for the quark reombination senario.
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Figure IV.29: Ellipti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ombining quarks (red line) or saled
proton v2 (green line) ompared to PHENIX [Afa07℄ and STAR [Liu07℄ data. The blak
lines orrespond to the LHC predition.
IV. 4.6 Heavy quark ow
A large ellipti ow implies, from a hydrodynamial point of view, a rapid thermalization
of the reball and a strong olletive ow reated at the QGP stage. This assumption
is well established and the large ow of light quarks is reeted in the good agreement
with the v2 data. Heavy quarks on the other side have a muh larger mass then the light
quarks and therefore it is an open question, if harm or even bottom quarks partiipate
in the olletive expansion.
The reently published data on J/ψ from PHENIX oer the possibility to investigate
whether also the harm quark does loally equilibrate and therefore follows the ow of the
light quarks. The most prominent feature of this preliminary data, despite its large errors,
is the negative v2 value at pT = 1.5 GeV. Within the CQNS this implies also a negative
ellipti ow for the harm quark. Sine the multistrange Ω also shows a slightly negative
v2 for a mean transverse expansion veloity of β = 0.55c, the muh heavier harm quark
an be expeted to show an even more pronouned behaviour, when assuming a similar
transverse expansion.
The ellipti ow for J/ψ is depited in Fig. IV.30 together with the data from PHENIX
[Sil08℄. The left panel is alulated with the parameter λ = 0 and shows dierent expansion
veloities and the right panel ompares β = 0.55c for dierent values of λ.
Looking at the left panel, the lines from top to bottom orrespond to β = 0.3, 0.4, 0.5
and 0.6c with ce = 0.73, while the last line (blak) is for β = 0.55 from a irular freeze-
out (ce = 0). So a large harm ow that is equal to the light quark ow seems to
produe large out-of plane ellipti ow (v2 < 0, blak line), but this is ompensated by
the positive geometrial ontributions from the ellipti freeze-out. Nevertheless, small
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Figure IV.30: Estimating the harm ow from the ellipti ow of J/ψ ompared to data
from PHENIX [Sil08℄.
Left: Comparison for inreasing mean expansion veloities β from top to bottom with ce =
0.73 and λ = 0. The lowest line (blak) orresponds to β = 0.55c and ce = 0.
Right: Comparison for dierent λ with β = 0.55c and ce = 0.73.
transverse expansion veloities seem to be disarded due to the large positive v2 at pT =
1.5 GeV, while a thermalized harm with β ≈ 0.5 − 0.6c is at least onsistent with zero
ow at pT = 1.5 GeV. I would like to mention that the disussion from [Kri07℄ is for a
irular freeze-out only, sine we had employed only the simpied equations from [Fri03℄.
From the ow ratio setion I predited a negative λ. This delayed freeze-out of the
partiles in the inner reball an be explained by in-medium resattering. But the J/ψ
is expeted to have a low ross-setion, i.e. it an esape the system quite undisturbed.
So the J/ψ will freeze-out early, while the system is still expanding. Therefore one ould
assume a zero or even positive λ. This is depited in the right panel of Fig. IV.30 for a
mean expansion veloity β = 0.55c, where the data learly seems to favor a positive λ
(blue line).
The large errorbars do not allow to draw any rm onlusions, but I want to state that
the data is onsistent within errors with a harm quark ow of β = 0.55c equal to the light
quarks and a positive λ ≈ 0.6 (τi < τo). At least one an extrat a lower bound on the
expansion veloity of about 0.4c. So if more preise data will still support the negative v2,
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Figure IV.31: Ele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avor de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ompared to D0 v2 for dierent harm transverse veloities βc = 0.3c,0.4c,0.5c (lines, top to
bottom) with ce = 0.73 and λ = 0.
I onlude from this observation that harm quarks reah a substantial amount of loal
kineti equilibration.
Another possibility is to study D-meson ellipti ow. There, the positive light quark
v2 will ompete with the negative one from the harm quark. So far, there is no data on
D-meson ellipti ow available, but in the near future the Heavy Flavor Traker (HFT)
from STAR will lose this gap. Preliminary, one ould ompare to v2 data of eletrons
from heavy avor deay. This is no diret probe of the harm ow, sine there will be
ontributions from B-mesons and the deay kinematis might smear out the harm ow
signal. However, alulations within transport theory [Gre04℄ predit the D-meson ellipti
ow to be similiar to the heavy-eletron v2.
Fig. IV.31 ompares the eletron ellipti ow data from PHENIX [Ada07b℄ to D0 for
dierent harm transverse veloities βc = 0.3c,0.4c,0.5c (lines, top to bottom) with ce =
0.73 and λ = 0. The D0 ellipti ow agrees with the eletron v2 data at low pT , but
does not allow for a distintion between the dierent transverse veloities. While the data
follows the urve for a βT ≈ 0.3 below pT = 1 GeV, above 1 GeV it is better predited by
a large expansion veloity of βT ≈ 0.5. But at high pT , the v2 of the eletrons is generally
about a fator of 2 smaller then that of the D0. That might be due to an early onset of
the fragmentation regime for the harm. Again, there is no lear onlusion, but the data
does not seem to ontradit a large harm transverse veloity, whih is omparable to the
light quark veloity of βT = 0.55c, as far as the heavy eletron v2 an be ompared to the
D0 ellipti ow.
As a nally omparison, Fig. IV.32 shows the ellipti ow for harm and bottom mesons
at RHIC (left) and LHC (right) for ce = 0.73 and λ = 0.3.
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Figure IV.32: Ellipti ow of heavy mesons with harm and bottom quark ontent at
RHIC (left) and LHC (right) for b = 8 fm, ce = 0.73 and λ = 0.3.
IV. 4.7 Centrality dependene
Fig. IV.33 shows the mean ellipti ow of harged hadrons as a funtion of the entrality.
The left panel is for an ellipti freeze-out and the right for a irular one. Although the
dierential v2 shows very good agreement with the data as shown above, the results for
〈v2〉 (left panel, red line) generally overestimate the data from STAR [Abe08b℄. This is
due to the yield at low pT , whih is to small beause of energy violation and the absene of
resonane feed-down as disussed in setion IV. 3.1. Therefore the mean v2 weighted with
the yield favors larger v2 values. I aount for that by saling the results with a onstant
fator of 0.75 (green line), so that they are in agreement with the data for the entral and
mid-entral ollisions, but for peripheral ollisions the data is still overestimated. This is
due to the used eentriity b/(4RA) (eq. (III.54)), whih follows the glauber eentriity
for entral and mid-entral ollisions, but gives wrong results for peripheral ollisions
(Fig. III.2).
The mean v2 from a irular freeze-out fails to desribe the data and underestimates it
as expeted. Only to have a omparison between both ases, I will sale the mean ellipti
ow value for ce = 0 by a onstant fator of 1.3 (right panel, green line) so that it ts
the data for entral to mid-entral ollisions. In the next setion I will use both fators
impliitly.
Due to the lak of similiar data for the hexadeupole ow, I ompare the results to
v4 of harged hadrons for dierent entrality lasses from PHENIX [Iss08℄ in Fig. IV.34.
The agreement with the data is quite good within the unertainty of relation between
the impat parameter and the entrality. But an underestimation of the mean 〈v4〉 for
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Figure IV.33: Mean ellipti ow for harged hadrons as a funtion of the entrality om-
pared to data from STAR [Abe08b℄.
Left: 〈v2〉 from an ellipti freeze-out. Right: 〈v2〉 from a irular freeze-out.
peripheral ollisions an be expet similiar to the mean ellipti ow.
IV. 4.8
√
s dependene
The eet of a negative ellipti ow at low pT at LHC will be visible even for hadrons with
light quark ontent, like protons as shown in Fig. IV.26. Therefore, it is interesting to
look at the mean ellipti ow as a funtion of the enter of mass energy
√
s. To ompare
the results from an ellipti and irular freeze-out, Fig. IV.36 uses the orretion fators
from the previous setion.
The shown value for LHC in Fig. IV.36 is just a linear interpolation, but the general
expetation in the heavy ion ommunity is an monotoni inrease from RHIC energies to
LHC and beyond, or at least a saturation at some nite value. In this framework, the
value of 〈v2〉 depends on the interplay of the strength of the negative v2 and the inreasing
mean pT , sine 〈v2〉 ≈ v2 (〈pT 〉). But as an be seen in Fig. IV.36, the inrease in the
mean pT does not seem to ompensate the inreasing eet of the negative v2 at low pT .
Depending on the used freeze-out eentriity, the maximum of the mean ellipti ow is
reahed somewhere between RHIC and LHC energies, while a larger eentriity (a larger
ce) delays the extremal point to higher .m. energies. For the best t ase of ce = 0.73
the value at LHC is maximal and then starts to drop; for a irular freeze-out with ce = 0
it would have already reahed its maximum at RHIC. This may mean that even if this
striking predition is orret, there will be no lear sign of a dereasing mean ellipti ow
for harged hadrons at LHC. But the mean ellipti and hexadeupole ow of identied
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Figure IV.34: Hexadeupole ow as a funtion of pT with ce = 0.73 and λ = −0.3 for im-
pat parameter of 6,7 and 8 fm (lines) ompared to data from PHENIX (points) of dierent
entrality lasses [Iss08℄.
hadrons an be a muh better probe. As an be seen in Fig. IV.35, the v2 and v4 of pions,
φ's and protons reah their maximum at LHC energies. And while the v2 of the J/ψ and
Ω only indiate a small derease, the v4 of these heavy hadrons will show a visible drop
when going from
√
s = 200 GeV (RHIC) to 5.5 TeV (LHC).
A rather ritial assumption in this ontext is the appliability of the reombination
approah for the ellipti ow for small transverse momenta on the order of pT < 1 GeV. I
want to emphasise that the result of the dereasing mean ellipti ow 〈v2〉 at LHC is not
aeted by the validity of this assumption, beause 〈v2〉 ≈ v2 (〈pT 〉) and 〈pT 〉 > 1 GeV
in LHC regime. However, to show the robustness of the predition Fig. IV.37 depits
the ellipti ow at a xed pT as a funtion of
√
s with an impat parameter b = 6 fm.
With pT = 0.6, 1 and 2 GeV the v2 exhibits the same drop as the mean ellipti ow from
Fig. IV.36. The data points are taken from [Adl05℄ with a entrality of 13-26%. They
onrm the observation of an ellipti ow saturation at
√
s = 200 GeV.
As an be seen in Fig. IV.38, the mean hexadeupole ow shows a similar dependene
on the enter of mass energy. In the ase of an ellipti freeze-out (red line), the inrease
from RHIC to LHC is muh more pronouned as for the ellipti ow, but also the drop
beyond its maximum at LHC is muh stronger. In the ase of a irular freeze-out (green
line), the predited value is already negative at LHC.
Sine both ow oeients show a similiar behaviour as a funtion of
√
s, I will also take
a look at the ratio
〈v4〉
〈v2〉2 . Fig. IV.39 shows this ratio for harged hadrons as a funtion of
the enter of mass energy at an impat parameter of b = 1 fm (solid lines) and b = 6 fm
(dashed lines). The results for both impat parameters are nearly equal, hene this mean
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√
s = 100 GeV to
10 TeV at an impat parameter of b = 6 fm and with ce = 0.73.
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Figure IV.36: Comparison of 〈v2〉 for harged hadrons as a funtion of enter of mass
energy for Au+Au/Pb+Pb reations at an impat parameter of b = 6 fm. The alula-
tions are saled with the onstant fators from Fig. IV.33 as disussed in se. IV. 4.7. Data
points and the extrapolation to LHC are taken from [Bor08℄.
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ratio is also independent of the entrality, like the pT dependent ratio in setion IV. 4.3.
For a irular freeze-out (green lines), the ratio is approximately onstant between 1.3-1.5
up to RHIC energies and is steeply dropping when going to LHC while for an ellipti
freeze-out (red lines), it is onstant at about 1.3 up to LHC energies.
IV. 4.9 Analyzing the negative ellipti ow
At low enter of mass energies, the ellipti ow is generally negative, sine the spetators
in a non-entral ollision are bloking the in-plane ow. This behaviour, also known
as anti-ow, is not observed at high bombarding energies, sine the nulei are strongly
lorentz-ontrated. Then the ow asymmetry only depend on the spatial asymmetry as
disussed.
The predited negative ellipti ow at low transverse momenta is dierent to anti-ow.
It has also been found in previous exploratory studies and seem to be a general feature of
the blast-wave like ow prole at high transverse veloities [Vol97, Huo01, Vol02, Ret04,
Pra05℄. One might argue that this is an artefat of the blast-wave peak and will not
survive in more realisti alulations, however, also transport simulations indiate slightly
negative v2 values for heavy partiles at very low pT [Ble02℄ and the AMPT model predits
a negative v2 at least for heavy harm and bottom quarks [Ko07℄. Thus, the qualitative
behaviour of a negative v2 is a well-known observation. The magnitude, however, of this
eet and the partile speies aeted by it depend on the mass, the amount of transverse
ow and the deoupling hyper-surfae of this individual partile speies. So the surprising
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observation of a drop in the mean ellipti ow at LHC and an even negative value beyond
is not the existene of the ellipti 'anti-ow' but the quantitative strength and inuene
on the light quark setor of this eet at LHC.
To obtain an analyti expression whih explains the negative v2 is to onsider only the
in-plane (φ = 0) and out-of-plane (φ = pi/2) diretions (similar to the analysis performed
in [Huo01℄). The φ integration breaks down (eq. (III.80)) and the ellipti ow is then
given by
vq2(pT ) =
[I2K1]φ=0 − [I2K1]φ=pi/2
[I0K1]φ=0 + I [I0K1]φ=pi/2
(IV.35)
For pT → 0 the argument of the Bessel funtions In (see eq. (III.70)) goes to zero and In
beomes onstant with I2 → 0 and I0 → 1. Therefore they are independent of the angle.
This leads to
lim
pT→0
vq2(pT ) =
I2
I0
K1
[
m cosh(η0T (1 + ε))/T
] −K1 [m cosh(η0T (1− ε))/T ]
K1
[
m cosh(η0T (1 + ε))/T
]
+K1
[
m cosh(η0T (1− ε))/T
]
(IV.36)
Sine K1 is a monotonially dereasing funtion, the numerator and thus the ellipti ow is
negative (for some small transverse momenta). The spei values depend on the mass, the
mean ow rapidity η0T and the temperature. For inreasing mass (e.g. harmed mesons)
or inreasing transverse ow rapidity (e.g. LHC and beyond) or dereasing temperature,
the ellipti ow will beome more negative.
Another way to understand this eet in more detail one ould look diretly at the
thermal quark-spetrum with the energy (eq. (III.62))
E = mT cosh(y − η) cosh ηT − pT cos(ϕ− φ) sinh ηT (IV.37)
For simpliity let us look at midrapidity (y = 0) and for high η the spetrum is very low,
so I onsider the region around η = 0. For high .m.-energies, when the soure is highly
boosted transversally, the partiles will mainly be emitted in the diretion in whih the
reball ies, so one an simplify even more and set ϕ = φ. Beause in this ase there is
no longitudinal momentum I an replae the momentum with ηqT , the transverse rapidity
of the parton, as
pT =m sinh η
q
T and (IV.38)
mT =
√
m2 + p2T = m
√
1 + sinh2 ηqT
=m cosh ηqt . (IV.39)
So the energy of the quark in the transverse moving soure is given by
E = m cosh
[
η0T (1 + ε cos(2φ)) − ηqT
]
(IV.40)
80 IV Results and preditions from reombination
For a xed quark rapidity ηqT < η
0
T (low pT ) the energy of the quarks emitted in-plane is
higher than the energy of quarks emitted out-of-plane. With the thermal spetrum more
energy means less partiles, therefore a negative v2. At η
q
T = η
0
T one would expet the
zero-rossing, and above a positive v2.
V Conlusion
When studying the elementary building bloks of our universe throughout history, higher
and higher energies were needed to resolve the ever smaller strutures. Now, physiists
are searhing for the so-alled Quark Gluon Plasma (QGP), a state of matter where the
quarks are not onned inside the hadrons but free partiles. The transition to this new
phase of the strongly interation matter is probed within Heavy Ion Collisions (HIC) at the
Relativisti Heavy Ion Collider (RHIC) and soon with the Large Hadron Collider (LHC).
One major problem in this ontext is the question if we have reated a QGP in a ollision,
sine the hadronization happens on very small timesales, so that only the hadrons from
freeze-out an be measured. But also a dynamial desription within QCD, of the ollision
in general and the hadronization proess in partiular, is not expeted to be ahieved in
the near future. Thus, we depend on phenomenologial models.
The desription via pQCD with the use of measured, parameterized fragmentation fun-
tions is very suessful for proton-proton ollisions, but in HIC with a dense phase spae
this approah is only appliable at high pT . With the rst results from RHIC whih pQCD
failed to desribe, a phenomenologial model named reombination beame popular.
One of the most promising observables to study the reation of a QGP is the ellipti ow
whih is the seond fourier oeient v2 of the invariant yield. It measures the azimuthal
asymmetry of the transverse momentum whih orginates from the spatial asymmetry in
non-entral ollisions. Sine it shows a self-quenhing behaviour, the measured ellipti
ow of the hadrons is mainly sensitive to the initial stage of the ollision. Therefore, it
would depend on the partoni ellipti ow from the QGP.
The suess of reombination is mainly based on the predition of a universal saling
law of the ellipti ow whih onnets the hadron ellipti ow diretly with the quark
ellipti ow. This predited onstituent quark number saling (CQNS) is experimentally
well observed and the results an desribe the data very aurately at low and mid pT .
While the qualitative behaviour of the partile speies dependene of v2 follows the CQNS
law of reombination, the quantitative results depend on the two additional ingredients:
the quark density distribution and the hadronization/freeze-out hypersurfae.
In this thesis I have shown that these two additionial inputs have strong inuene on the
ow oeients. For the quark density distribution I employed the blast-wave model whih
is inspired by hydrodynamis. It desribes a transversally expanding, loally thermalised
reball. A simple geometrial argument to parameterize the pressure gradient sues to
desribe not only the ellipti ow v2 but also the next oeient v4. A result of the blast-
wave ow prole is the observed mass saling of the ellipti ow and espeally a negative
ow oeient at low pT for massive partiles and/or high enter of mass energies. Suh a
negative value an also been seen in the preliminary J/ψ ellipti ow data from PHENIX
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whih seems to support the preditions. The most striking predition of reombination in
this framework using the blast-wave model is then a dropping mean v2 at or beyond LHC
energies.
The hadronization ours within a 3-dimensional, time-dependent volume and oinides
with the kinemati freeze-out, sine there is no hadroni sattering phase. The detailed
study of this freeze-out hypersurfae would require a dynamial treatment. But to identify
a general inuene on the spetra, this analytial approah is suient, sine also in
hydrodynamis the proess of partile freeze-out is a highly non-trivial problem. As I
have shown, a remaining spatial eentriity at freeze-out and a radial dependene of the
freeze-out time have the greatest impat on the ow oeients, and espeally on their
ratio v4/(v2)
2
. While a simple irular freeze-out underestimates this ow ratio by a fator
of 2, an ellipti freeze-out introdues additional ontributions to both ow oeients and
an desribe the experimental data very well. The behaviour of the ow ratio at low pT
is then aeted by the radial dependene of the freeze-out time.
The presented results in this thesis indiate that reombination is the dominant meh-
anism for hadron prodution at mid pT while the ow oeients and their onstituent
quark number saling are a strong sign for an early partoni stage of the ollision. Despite
its phenomenologial nature, this analytial approah to reombination as the hadroniza-
tion mehanism in HIC, together with an appropriate quark density and freeze-out hy-
persurfae, desribes not only the qualitative onstituent quark number saling of the
experimental data, but also the quantitative mass saling of the ellipti and hexadeupole
ow and the large ratio of these oeients with great detail. Based on this good agree-
ments, the striking prediitions for the LHC should be onsidered in more detail within a
dynamial model.
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A Analytial derivations
A. 1 MIT bag model
To derive an analyti expression for the phase boundary within the MIT bag model, I
assume an ideal, relativisti gas of quarks and gluons:
mq = mg = 0 ⇒ |p| = p = E (A.1)
Thus, the pressure P =
1
3
ε is related to the energy density ε, whih an be alulated as
ε =g
∫ ∞
0
E · n(E) dE
=
∫ ∞
0
p · n(p) d
3p
(2pi)3
=
4pi
(2pi)3
∫ ∞
0
p3
1
exp [β(p −BiµB]± 1 (A.2)
with the degeneray fator g, the inverse temperature β = 1/T , the baryonnumber Bi.
The (+) sign is for quarks (fermions) and the (−) sign for gluons (bosons). Using the
substitution
x =β(p− βBµB) ⇒ p = x
β
+BµB = T (x+ βBµB),
dp
dx
= T (A.3)
one obtains
ε = g
T 4
2pi2
∫ ∞
−βBµB
(x+ βBµB)
3 1
ex ± 1 (A.4)
For the gluons g with Bg = 0, it follows
εg = gg
T 4
2pi2
∫ ∞
0
x3
1
ex − 1 = gg
pi2T 4
30
. (A.5)
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For the quarks q und antiquarks q¯ with Bq = −Bq¯ = 1/3 follows
εq + εq¯ =gq
T 4
2pi2
[∫ ∞
−βBqµB
(x+ βBqµB)
3
ex + 1
dx+
∫ ∞
+βBqµB
(x− βBqµB)3
ex + 1
dx
]
=gq
T 4
2pi2
[∫ ∞
0
(x+ βBqµB)
3 + (x− βBqµB)3
ex + 1
dx
+
∫ 0
−βBqµB
(x+ βBqµB)
3
ex + 1
dx−
∫ +βBqµB
0
(x− βBqµB)3
ex + 1
dx
]
(A.6)
In the rst term, the brakets are expanded and in the third term, ex is pulled out of the
denominator and the substitution x→ −x is applied:
εq + εq¯ =gq
T 4
2pi2
[∫ ∞
0
2x3 + 6x(βBqµB)
2
ex + 1
dx
+
∫ 0
−βBqµB
(x+ βBqµB)
3
ex + 1
dx+
∫ 0
−βBqµB
(x+ βBqµB)
3
ex + 1
ex dx
]
=gq
T 4
2pi2
[∫ ∞
0
2x3 + 6x(βBqµB)
2
ex + 1
+
∫ 0
−βBqµB
(x+ βBqµB)
3 dx
]
=gq
[
7pi2T 4
120
+
T 2(BqµB)
2
4
+
(BqµB)
4
8pi2
]
(A.7)
The phase transition ours when the pressure P is equal to the bag pressure B:
B
!
=P =
1
3
(εq + εq¯ + εg)
⇒ 0 !=T 4 · C + T 2 · (2(BqµB)2gq) + gq(BqµB)
4
pi2
− 24B
⇒ T !=
√√√√ 1
C
[
−(BqµB)2gq +
√
(BqµB)4gq
(
gq − C
pi2
)
+ 24BC
]
(A.8)
with C =
pi2
15
(7gq + 4gg). The bag pressure B is then xed by dening the ritial tem-
perature TC at zero hemial potential as
TC := T
∣∣∣
µB=0
=
4
√
24B
C
(A.9)
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whih I hoose to be TC = 175 MeV. Therefore, the ritial temperature as a funtion of
the baryo-hemial potential an be written as
T (µB) =
√√√√ 1
C
[
−(BqµB)2gq +
√
(BqµB)4gq
(
gq − C
pi2
)
+ T 4CC
2
]
(A.10)
A. 2 Integrals of the ow oeients
Here, I will show how to solve the integrals of the fourier oeients from eq. III.65:
v˜n =
1
2pi
∫
dφ cos(nφ)
dN
pT d pT dφd y
=C
∫ ρ0
0
d ρ
∫ 2pi
0
dϕ
∫ +∞
−∞
d ητ(ρ)ρ
×
[
f2(ϕ)mT cosh(y − η)− ∂τ
∂ρ
pT
(
f cos(β′ − φ) + f ′ sin(β′ − φ))]
× exp [− (mT cosh(y − η) cosh ηT − pT cos(β′ − φ) sinh ηT ) /T ] (A.11)
with C =
g
(2pi)3
exp [µ/T ]. Using the following identities for the modied bessel funtions
In(z) = I−n(z) =
1
2pi
∫ 2pi
0
exp [z cos θ] cos(nθ) d θ (A.12)
Kn(z) = K−n(z) =
1
2
∫ ∞
−∞
exp [−z cosh t] cosh(nt) d t (A.13)
and noting that∫ 2pi
0
exp [z cos θ] sin(nθ) d θ ≡ 0 (A.14)
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the η- and φ-integrations an be done analytially:
v˜n =2Cρ
2
0
∫
d ρ′τ(ρ)ρ′
∫
dϕ
∫
dφ
× cos(nφ)
[
K1f
2(ϕ)mT −K0∂τ
∂ρ
pT
(
f cos(ϕ− φ) + f ′ sin(ϕ− φ))]
× exp [pT cos(ϕ− φ) sinh ηT ]
=2Cρ20
∫
d ρ′τ(ρ)ρ′
∫
dϕ
∫
dΦ (cos(nΦ) cos(nϕ) + sin(nΦ) sin(nϕ))
×
[
K1f
2(ϕ)mT −K0 ∂τ
∂ρ
pT
(
f cos(Φ) + f ′ sin(Φ)
)]
exp [pT cos(Φ) sinh ηT ]
=4piCρ20
∫
d ρ′τ(ρ)ρ′
∫
dϕ[
cos(nϕ)K1Inf
2(ϕ)mT
−K0∂τ
∂ρ
pT
1
2
[
cos(nϕ)f(ϕ) (In−1 + In+1) + sin(nϕ)f
′(ϕ) (In−1 − In+1)
]]
=4piCρ20
∫
d ρ′τ(ρ)ρ′
∫
dϕ[
cos(nϕ)K1Inf
2(ϕ)mT
− cos(nϕ)K0 (In−1 + In+1) ∂τ
∂ρ
pT
1
2
f(ϕ)
−
[
cos((n − 2)ϕ) − cos((n + 2)ϕ)
]
K0 (In−1 − In+1) ∂τ
∂ρ
pT
α−2 − α2
8
f3(ϕ)
]
(A.15)
In the rst step, I used the identity of the K bessel funtion and substituted ρ = ρ′ · ρ0.
In the seond step, I substituted Φ = ϕ − φ and expanded cos(nφ) = cos(n(ϕ − Φ)). In
the third step, I applied the trigonometri identities
cos x cos y =
1
2
(cos(x− y) + cos(x+ y)) (A.16)
sinx sin y =
1
2
(cos(x− y)− cos(x+ y)) , (A.17)
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so that I ould solve the Φ integral by using the identity for the I bessel funtion. In the
last step, I used
f ′(ϕ) = f3(ϕ)
α−2 − α2
2
sin(2ϕ). (A.18)
and again applied eq. (A.17) to the sinus terms. Finally, the φ-integrated invariant yield
at midrapidity reads
dN
2piPT dPT d y
=v˜0
=
g
(2pi)3
exp [µ/T ] 4piρ20
∫ 2pi
0
dϕ
∫ 1
0
d ρ′τ(ρ′)ρ′
×
[
K1I0f
2(ϕ)mT −K0I1f(ϕ)pT ∂ρτ
]
(A.19)
and the numerator of the ellipti ow is alulated as
v˜2(PT ) =
g
(2pi)3
exp [µ/T ] 4piρ20
∫ 2pi
0
dϕ
∫ 1
0
d ρ′τ(ρ)ρ′
×
[
cos(2ϕ)K1I2f
2(ϕ)mT
− cos(2ϕ)K0 (I1 + I3) ∂τ
∂ρ
pT
1
2
f(ϕ)
− (1− cos(4ϕ))K0 (I1 − I3) ∂τ
∂ρ
pT
α−2 − α2
8
f3(ϕ)
]
(A.20)
In the ase of ∂ρτ = 0 (radially onstant freeze-out time), this simplies to
dN
2piPT dPT d y
= mT
g
(2pi)3
exp [µ/T ] 4piρ20τ0
∫ 2pi
0
dϕ
∫ 1
0
d ρ′ρ′K1I0f
2(ϕ) (A.21)
and
v2(PT ) =
v˜2
v˜0
=
∫
dϕ
∫
d ρ′ρ′ cos(2ϕ)K1I2f
2(ϕ)∫
dϕ
∫
d ρ′ρ′K1I0f2(ϕ)
. (A.22)
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C. 2 Deutshe Zusammenfassung der Diplomarbeit (German abstrat to
the thesis)
Eine der groÿen Fragen der Menshheit mit der sih Forsher der vershiedensten Diszi-
plinen beshäftigt haben, ist die Frage nah den fundamentalen Bausteinen der Natur bzw.
ob es diese überhaupt gibt. Sie reiht zurük bis in die Antike, zu dem Philosophen Empe-
dokles, und den vier griehishen Elementen Erde, Wasser, Luft und Feuer. Im Mittelalter
wurden immer mehr der heute bekannten hemishen Elemente klassiziert und im Peri-
odensystem gruppiert. Anfang des letzten Jahrhunderts stellte man fest, dass das Atom
(grieh. atomos: unteilbar) eine Substruktur, mit einem Kern aus Proton und Neutronen
und einer Shale aus Elektronen, besitzt. Doh auh die Bausteine des Kerns oenbarten in
inelastishen Streuexperimenten eine Substruktur. Die Fülle der neuen Teilhen genannte
Hadronen, die bei diesen Experimenten erzeugt wurden, erforderte auh hier ein Ord-
nungsshema. Aus dem ahtfahen Weg von Murray Gell-Mann entwikelte sih dann
das Quark-Modell, welhes die Hadronen in Mesonen, bestehend aus einem Quark und
einem Anti-Quark, und Baryonen, bestehend aus 3 Quarks, einteilt.
Seit dem Beginn der Suhe nah den elementaren Bausteinen der Natur benötigten die
Forsher immer höhere Energien um die immer kleineren Längen aufzulösen. Nun suhen
Physiker nah dem sogenannten Quark-Gluonen-Plasma (QGP), einem Zustand, in dem
die Quarks niht mehr eingesperrt sind in den Hadronen, sondern frei wie in einem Plasma.
Mit der Kollision von shweren Ionen am Relativistiv Heavy Ion Collider (RHIC), und bald
mit dem Large Hadron Collider (LHC) am CERN, untersuht man den Übergang zu dieser
neuen Phase der stark wehselwirkenden Materie.
Ein groÿes Problem in diesem Zusammenhang ist die Frage, ob man überhaupt die
Phasengrenze übershritten und ein QGP erzeugt hat, denn die Hadronisierung, also der
Übergang zurük zur normalen Materie, ndet auf extrem kurzen Zeitskalen statt. Daher
können wir nur die Hadronen vom kinematishen Ausfrieren nahweisen, also die die keine
Wehselwirkung mehr erfahren. Aber auh eine dynamishe Beshreibung mithilfe der
Quantenhromodynamik (QCD), der Eihtheorie der starken Wehselwirkung, ist niht
in naher Zukunft zu erwarten. Weder für die Kollision im Allgemeinen noh für den
Vorgang der Hadronisierung im Speziellen. Somit sind wir auf phenomenologishe Modelle
angewiesen.
Die Berehnungen innerhalb der pertubativen QCD (pQCD) mithilfe von gemessenen,
parameterisierten Fragmentationsfunktionen sind sehr erfolgreih für Proton-Proton Kol-
lisionen, aber in Shwerionenkollisionen mit einem dihten Phasenraum ist dieser Ansatz
nur für hohe transversale Impulse anwendbar. Mit den ersten Resultaten von RHIC,
die niht mit pQCD zu erklären waren, rükte ein phenomenologishes Modell namens
Reombination in den Fokus.
Im Gegensatz zu Fragmentation, bei der ein Quark aus einer harten Streuung mit hohem
Impuls in viele Hadronen zerfällt, die dann nur einen Bruhteil des Impulses tragen, ist
die Idee bei der Reombination, dass in einem sehr dihten Medium ein Quark und ein
Anti-Quark (drei Quarks) zu einem Meson (Baryon) reombinieren und sih dabei die
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Impulse addieren.
Eine der vielversprehensten Observablen bei der Suhe nah dem QGP ist der so-
genannte elliptishe Fluss, welher dem zweiten Fourierkoezienten v2 des invarianten
transversalen Impulsspetrums entspriht. Er quantiziert die azimuthale Asymmetry des
transversalen Impulses, welhe aus der räumlihen Asymmetry in niht-zentralen Kolli-
sionen entsteht. Da der elliptishe Fluss seinem Ursprung entgegenwirkt und damit ein
selbstlöshendes Verhalten zeigt, ist er damit hauptsählih von der frühen Phase der
Kollision geprägt und würde damit direkt vom Fluss der Quarks aus dem QGP abhängen.
Der Erfolg der Reombination begründet sih vorallem auf die Vorhersage einer uni-
versellen Skalierung des elliptishen Flusses, wonah das Hadron v2 mit der Anzahl der
Konstituentenquarks skaliert. Diese Vorhersage ist experimentell gut bestätigt und die
Ergebnisse können die Daten von niedrigen bis mittleren transversalen Impulsen sehr exakt
beshreiben. Während das qualitative Verhalten des elliptishen Fluss dem Skalierungs-
gesetz der Reombination folgt, hängen die quantitativen Ergebnisse von den zwei zusät-
zlihen Zutaten ab: der Quarkdihteverteilung und der Hadronisierungshyperähe.
In dieser Arbeit habe ih gezeigt, dass die einieÿenden Modelle eine groÿe Wirkung in
Bezug auf die Flusskoezienten haben. Für die Quarkverteilung benutze ih das Blast-
Wave Modell, welhes, basierend auf hydrodynamishen Überlegungen, ein transversal ex-
pandierendes, lokal thermishes System beshreibt. Für die Parameterisierung des Druk-
gradienten in niht-zentralen Kollisionen genügt ein simples geometrishes Argument um
niht nur den elliptishen Fluss v2, sondern auh den nähsten Koezienten v4 und deren
relative Stärke zu beshreiben. Ein Ergebnis des Blast-Wave Prols ist die beobahtete
Massenskalierung von v2 und insbesondere ein negativer Fluss bei niedrigen transversalen
Impulsen für shwere Hadronen und/oder hohe Shwerpunktsenergien. Solhe negativen
Werte sind jetzt auh in den vorläugen J/ψ PHENIX-Daten zu sehen und sheinen
damit die Anwendung der Blast-Wave Parameterisierung zu stützen. Das ist vorallem im
Hinblik auf eine besonders überrashende Vorhersage in diesem Zusammenhang inter-
essant. Denn Reombination in Verbindung mit dem Blast-Wave Modell prognostiziert
eines abnehmenden 〈v2〉 für Shwerpunktsenergien oberhalb von
√
s = 5 TeV, welhes
mögliherweise am LHC beobahtet werden kann.
Die Hadronisierung ndet in einem 3-dimensionalen, zeitabhängigen Volume statt und
fällt mit dem kinematishen Auseren zusammen, da die hadronishe Streuphase niht
berüksihtigt wird. Eine detaillierte Untersuhung der Hyperähe würde eine dynamis-
he Behandlung erfordern, aber um grundlegende Einüsse auf die Spektren zu unter-
suhen ist dieser analytishe Ansatz ausreihend, insbesondere weil auh in der Hydrody-
namik der Vorgang des Ausfrierens ein absolut niht-triviales Problem ist. Wie meinen
Ergebnissen zu entnehmen ist, haben eine räumlihe Exzentrizität beim Ausfrieren und
die radiale Abhängigkeit der Ausfrierzeit den gröÿten Eekt auf die Flusskoezienten und
besonders auf deren Verhältnis v4/(v2)
2
. Während ein einfahes, zirkulares Ausfrieren
dieses Verhältnis um etwa einen Faktor 2 zu niedrig vorhersagt, erzeugt ein elliptishes
Ausfrieren zusätzlihe Beiträge zur Asymmetry beider Koezienten und kann damit die
experimentellen Daten sehr gut beshreiben. Und die radiale Abhängigkeit der Ausfrierzeit
beeinusst dann nohmal zusätzlih das Verhalten bei niedrigen transversalen Impulsen.
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Die präsentierten Ergebnisse in meiner Arbeit sind ein klarer Hinweis darauf, dass
Reombination der dominante Mehanismus zur Hadronisierung bei kleinen mittleren
transversalen Impulsen ist, wobei die gute Beshreibung der Flusskoezienten und die
Konstituentenquark-Skalierung ein starkes Zeihen für ein QGP in der frühen Phase der
Kollision sind. Trotz der phenomenologishen Natur dieser analytishen Untersuhung zur
Hadronisierung in Shwerionenkollisionen durh Reombination, beshreiben die Ergeb-
nisse niht nur das qualitative Konstituentenquark-Skalierung der experimentellen Daten,
sondern auh die quantitative Massenskalierung des elliptishen und hexadekupolen Flusses
und das Verhältnis der beiden Koezienten mit groÿem Detail. Aufgrund dieser guten
Übereinstimmungen sollten die hervorstehenden Vorhersagen für den LHC detaillierter
in dynamishen Untersuhungen betrahtet werden.
